anew spring crop of rinehart mathematics texts 


TEACHING MATHEMATICS in the SECONDARY SCHOOL 


Lucien B. Kinney, Stanford University 
C. Richard Purdy, San Jose College 
probably 520 pages, $4.50 


A careful description of applications of present-day methods and materials, in- 
cluding visual aids as derived from actual classroom experience. Organized in a 
thoroughly teachable form, this book has been pretested in the methods classes of 
the authors. 


MATHEMATICS and STATISTICS for ECONOMISTS 


Gerhard Tintner, Iowa State College 
probably 480 pages, $5.00 


A book for the student who has had no thorough training in college mathematics, 
but who is willing to acquire some of the mathematical equipment necessary for 
a serious study of economics. It includes some applications of elementary mathe- 
matics to economics, as well as topics in calculus, probability, and elementary 
statistics. 


MATHEMATICS of INVESTMENT 


Paul R. Rider, Washington University 
Carl H. Fischer, University of Michigan 
probably 512 pages, $4.50 


A complete text on the mathematics of finance covering: Simple Interest and 
Simple Discount; Compound Interest; Ordinary Annuities; More General An- 
nuities; Amortization and Sinking Funds; Bonds; Depreciation, Depletion and 
Capitalized Cost; Life Annuities; Life Insurance Net Premiums; Life Insurance 
Reserves. 


just published ... the revised and alternate edition of 


PLANE and SPHERICAL TRIGONOMETRY, Rev. 


John A. Northcott, Columbia University 
without tables, 234 pages, $2.50 
A thorough revision of a text hae used over the past fifteen years. New problems 


have been added, carefully selected and graded as to difficulty. The larger edition, 
priced at $3.50, contains 94 pages of tables. 


complimentary examination copies are available to instructors of related 
courses 


232 madison avenue 


rinehart & comp any new york 16, new york 
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ANALYTIC GEOMETRY AND CALCULUS 


By Lyman M. Kells, Professor of Mathematics, U.S. Naval 
Academy 

Combining the subjects of Analytic Geometry and Calculus, this new text provides 
the student with a better assimilation of both subjects, and a tremendous saving of 


| time by the early grasp of fundamental and analytic principles which enables him 
ta to go on more quickly to the advanced topics and spend less time in review. 


A large number of carefully graded problems provide drill work and numerous 
important applications. Answers and solutions to half the problems are at the back 
of the book. Other answers and solutions are available to the instructor upon 
adoption of the text. Appendices and index are included. 


Just published 623 pages 6"x9" 


CALCULUS, Second Edition 


By Lyman M. Kells, Professor of Mathematics, U.S. Naval 
Academy 


Thoroughly revised, this outstanding calculus text presents a deep understanding of 
the basic principles of calculus without extreme rigor of proof. Many improvements 
suggested by teachers who use the previous edition have been incorporated in the 
revision. These include: 

@ Early introduction of integration. 

@ New chapter on vectors. 


@ Fundamentals more clearly p ted—imp d proofs, simplified explanations 
and expanded problem material. 


@ Improved exercises—a wide variety of problems. 
Published 1949 508 pages 6"x9” 


ANALYTIC GEOMETRY 


By Lyman M. Kells, and Herman C. Stotz, U.S. Naval Academy 


This new text has been created to provide a workable background for thorough 
understanding of the general definitions and principles of analytic geometry. Reason- 
ing rather than mere memorization is highlighted throughout. The student thus be- 
comes able to recognize a proof as a familiar working principle, rather than just 
another sound that must be re-learned each time it appears. Ample opportunity is 
provided for a deep understanding of fundamentals through their application in the 
solving of ordinary problems. (Over 1350 carefully graded problems are included.) 


Published 1949 280 pages 6"x9" 


Send for your copies today! 


PRENTICE- HALL, ING. 70 Fifth Avenue New York 11, N.Y. 


Books in Mathematics 


Fulmer-Reynolds: College Algebra 


A clear, well-organized review of the essentials of elementary algebra 
with an adequate treatment of the theory of equations. For a semester or 
quarter. 


Powell-Wells: Differential Equations 


A brief first course (semester or quarter) which gives students proficiency 
in the most important methods of sulving ordinary differential equations. 


Urner-Orange: Elements of Mathematical Analysis 
A unified presentation which makes mathematics of immediate utility. 
Integrates algebra, trigonometry, analytic geometry and simple calculus. 


Rosenbach-Whitman: Essentials of College Algebra 


An unusually sound brief course. Introduces principles and processes with 
all necessary definitions, theorems, proofs, illustrations and examples. 
Ready in January. 


Boston 17 NewYork 11 Chicago16 Atlanta 3 
inn an ompany Dallas 1 Columbus 16 San Francisco 3 Toronto 5 


PHILOSOPHICAL LIBRARY PUBLICATIONS 


THE HEBREW IMPACT ON WESTERN CIVILIZATION 


Edited by DAGOBERT D. RUNES 
THIS epochal symposium is a sociological and historical contribution of utmost importance. Each of the 
= authors is an authority in his field. Subjects covered include the Jew’s effect on: religion, the arts and 
nces, law ti the democratic idea. Frankly discussed are the Jew as statesman, as soldier, in public 
social theatre, film and the dance; music, painting and sculpture. 
Be ys Pratt Fairchild, New York University, says: 


life, in 


Po eye the majority of even well-informed people. . . . Anyone who wishes his behavior to 
guided Sis tenet of the truth will be the better for reading iw” 
AN EPOCHAL WORK THE ONLY VOLUME OF ITS KIND 


A HISTORY OF PHILOSOPHICAL SYSTEMS 
Edited by VERGILIUS FERM 
Compton Professor and Head of the Department of Philosophy in The College of Wooster 
a DISTINGUISHED CONTRIBUTORS from Ameri and E U; 


PART OF CONTENTS 


Story of Indian h: Renaissance Existentialism 
ical Systeme The Enlighten- The New Materialism 
Chin Philosophy (Con Thomism 
ism, ees ‘acism, Legal- Dialectical Materialism mantics 
ism 5 Logical Positivism | Schools of Logi: 
Ancient Jewish En and American Absolute of the Sciences 
a = Roman Schools nt dealism Recent cools of Aesthetics 


Philosophies of Evolution Recent Schools of Ethics 
Vitalioms Philosophies of Culture 
Philosophies of Religion 


Philosophy 


many more 
47 CHAPTERS OVER 700 PAGES—$6.00 


PHILOSOPHICAL LIBRARY, Publishers 


15 EB. 40th St., Desk 300, New York 16, N.Y. 
Special student bulk rate on 10 or more Expedite ship t by prepay t 
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ANNOUNCING 


this precise and RIGOR- 
OUS encyclopedic survey 
of modern MATHEMATI- 
CAL PHYSICS again avail- 
able. 


New revised edition of this famous book acclaimed by 
Professors Leigh Page of Yale, Max Black of Cornell and 
Edward Kasner of Columbia because it provides a com- 
prehensive, precise understanding of scientific theory and 
methods that is non-technical but rigorous. 


Not an over-simplified general survey for laymen, but a 
penetrating, mature study of the history of scientific ideas 
from the start of the 18th century on to the pee day. 
Every theory and topic of modern physics of interest to 
you as a mathematician is covered in this encyclopedic 482- 
page work (350 thousand words): the theories and in- 
fluence of Newton, Maxwell, Poincaré, Mach, Wey], 
Heisenberg, Riemann, Gauss, Minkowski, Kepler, Faraday, 
Lorentz, Hertz, Michelson, Einstein and many others. 


This book will give you a clearer concept of the rela- 
tionships among various phases of physics. You'll gain a 
new perspective and understanding of manifolds, the vari- 
ous systems of relativity (including Einstein’s Special and 
General theories), the equations of electromagnetics and 
Lorentz’s theory, the paradoxes associated with space- 
time, potentials and forces, the postulate of equivalence, 
tensors and the laws of nature, the principle of conserva- 
tion, etc. 


Special 100-page revised section on the Methodology 
of Science has been included in this edition. Here is a bril- 


| THE EVOLUTION 


482 pages, $3.95—about the cost 
of an ordinary novel! 


liant dissection of the Bergson viewpoint. d’Abro effec. 
tively disposes of the widely-held belief that physicists 
and mathematicians should confine their activity to 
“weighing and measuring” —and leave the interpretation of 
scientific data and theories to philosophers and the like. 


Priced at only $3.95 because of large advance library 
sale, only 221 copies remain. This edition includes 15 spe- 
cial portraits of leading mathematicians and physicists. 
Money refunded immediately and unconditionally if this 
book does not live up to your expectations. Order TODAY 
—while our limited 221-copy supply is still on hand. 


Save up to $7.00 on 
these famous monographs 


INTRODUCTION TO THE THEORY OF FOURIER’S 
SERIES AND INTEGRALS by H. S. Carslaw. Third re- 
vised edition. 380 pages. 39 illustrations. Originally So 

3.95 
ORDINARY DIFFERENTIAL EQUATIONS by E. L. 
Ince. Fourth revised edition. 566 pages. 18 illustrations. 
Originally $12.00. $4.95 
ANALYSIS AND DESIGN OF EXPERIMENTS by H. 
B. Mann. Analysis of variance and variance designs. 201 


pages. $2.95 
LINEAR INTEGRAL EQUATIONS by William V. Lov- 
itt. 265 pages. 65 exercises. $3.50 


THE FOURIER INTEGRAL by Norbert Weiner. 201 
pages. $3.95 


FREE PORTRAITS. Special brochure containing 30 


portraits of outstanding scientists is yours if you detach 
and mail the coupon below or order before February 28th 
mentioning Dept. AMM. Included are portraits of Des- 
cartes, Fermat, Pascal, Newton, Leibniz, Laplace, Weier- 
strass, Cayley, Kowalewski, Boole, Hermite, Riemann, 
and others. 


DOVER PUBLICATIONS, Inc. Dept. AMM 
1780 Broadway, New York 19, N.Y. 


Send me books checked below: 

+.+-EVOLUTION OF SCIENTIFIC THOUGHT $3.95 
.+.-Fourier’s Series (Carslaw) $3.95 

...-Ordinary Differential Equations $4.95 
...-Analysis and Design of Experiments $2.95 
.+-Linear Integral Equations $3.50 


..».The Fourier Integral (Weiner) $3.95 
Books may be returned in 10 days for full refund. 


Enclosed is im check or money order, Piease | 
send al brochure of portraits if my order is mailed before 
February 28, 1951. ; 
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CORLISS + BERGLUND 


Plane Trigonometry 


“The book gives every evidence of being written by those 
who appreciate and anticipate points which cause the 
students difficulty. I am impressed by the wealth of care- 
fully drawn figures which should add greatly to its 
teachability. I particularly like the introduction of radian 
measure early as well as the general definitions of the 


trigonometric functions.” 
FLoyp S, HARPER, Drake University 


rac UNDERWOOD - SPARKS 
t 
iKe, 
«| | Analytic Geometry 
LS spe- 
sicists. 
if this 
. In Analytic Geometry the authors have produced a brief 
meer text possessing clarity, serviceability, and efficiency. The 
oe book includes only the most immediately useful topics. 
{~ New concepts are introduced as they are needed in the 
ia normal development of the subject, with new proofs for 
traditionally difficult subjects. A large number of care- 
7 fully selected and graded problems are provided. 
HOUGHTON MIFFLIN COMPANY 
ae Boston New York Chicago Dallas San Francisco 
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THE TEACHING OF SECONDARY MATHEMATICS. New 2nd edi- 
tion 
By Cuartes H, Butter, Western Michigan College of Education; 
and F. Lynwoop Wren, George Peabody College for Teachers. 
McGraw-Hill Series in Education, Ready in January. 
A moderate revision of this very successful “methods” textbook. While 
there has been little revision of old textual material, some sections have 
been rewritten to integrate the essential parts of the original text with dis- 
cussion of new developments. Exercises and bibliographies are completely 
revised. 


INTRODUCTION TO STATISTICAL ANALYSIS 


By WItFrip J. Dixon and Franx J. Massey, JR. ; University of Ore- 
gon. Ready in January. 
This unique text presents the basic concepts of statistics in a manner which 
will show the student the generality of the application of the statistical 
method. Both classical and modern techniques are presented with emphasis 
on the understanding and use of the technique. 


ELASTICITY. Proceedings of Symposia in Applied Mathematics. 
Volume Ill 


— R. V. CHuRCHILL, University of Michigan. 235 pages, 
00. 


Seventeen papers, prepared for the American Mathematical Society’s Third 
Symposium in Applied Mathematics. These papers include a selection of 
recent advances and developments in the mathematical theory and applica- 
tions of elasticity and plasticity. The book presents contributions to the sub- 
ject made by specialists in these fields during the past two or three years. 


ANALYTIC GEOMETRY 


By R. D. Douctass and S. D. ZELpIn, Massachusetts Institute of 
Technology. 217 pages, $3.00. 
Simple and direct in approach, and containing a large number of illustrative 
examples, this text presents the essential topics of elementary analytic 
geometry, both plane and solid, thus enabling the student to learn the prin- 
ciples involved and their applications in mathematics and other sciences, 
and preparing him for a course in the calculus in the least possible time. 


ELEMENTS OF ORDINARY DIFFERENTIAL EQUATIONS 


By Gotoms and M. E. SHanxs, Purdue University. Inter- 

national Series in Pure and Applied Mathematics. 356 pages, $3.75. 
This new text is for use in the usual first course in differential equations, 
but also contains sufficient material to permit its use in a more advanced 
course or a full year course. The chief aim is to stimulate student imagina- 
tion and at the same time to inculcate correct mathematical thinking. Many 
techniques not often found in textbooks are included. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 


330 WEST 42no STREET, NEW YORK 18, N. Y. 
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A CURVE ASSOCIATED WITH A TETRAHEDRON* 
VICTOR THEBAULT, Tennie, France 


1. Introduction. The first twelve-point sphere of an orthocentric tetra- 
hedron passes through the extremities of the bimedians and of the bialtitudes. 
The bimedians meet at the centroid and the bialtitudes at the orthocenter. 
This suggested the following problem:** Given a tetrahedron T=ABCD, de- 
termine the locus (I) of points M such that the three lines passing through M 
and meeting respectively two opposite edges of T intersect these edges in six 
points of a sphere (5S). 

The object of this article is to report some of the results obtained and to 
link them to a general theorem concerning pencils of spheres associated with a 
tetrahedron. 


2. Notation. Let O be the center of the circumsphere (O) and G be the 
centroid of a tetrahedron T=ABCD. Let the lengths of the edges of T be de- 
noted by BC=a, DA =a’, CA=b, DB=b', AB=c, DC=C’. 


3. Analytical considerations. In barycentric coordinates, referred to T as 
the reference tetrahedron, the equations of the curve (I') may be written:f 


(1) a*ys/(y + 2) + a!*xt/(x + 2), 
b?x2/(x + 2) + b’yt/(y + 2), 
c*xy/(x + y) + + 2), 
where M has the coordinates (x, y, 2, ¢). The sphere (S) cuts the edges of T in 
six other points. The lines joining pairs of these points on opposite edges pass 
through a point M’.{ The correspondance on (I) between the coordinates of 
M and M’ is given by 

a*yzy's'/(y + 2)(y’ + 2’) = + t)(x’ + 
(2) = + 2)(x’ + 2’) = + + 

= + y)(x’ + y’) = + 


The point M whose barycentric coordinates (x, y, z, #) are inversely proportional 
to the differences 


b? + c? + a’? — (52 + c? + a’), 
c? + a? + — + a”? + 8), 
a? + b? + — + + 
a’? + + — (a? + + 
* Translated from the French by W. E. Byrne, Virginia Military Institute. 
** V. Thébault, Intermédiaire des Recherches Mathématiques (I.R.M.), Tome 1, 1945, p. 49. 
t A. de Majo, I.R.M., t. 3, 1947, p. 88. 


¢ This remark is still valid if sphere (S) is replaced by any quadric. J. Neuberg, Mathesis, 
1887, p. 126. 


(3) 
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between the sum of the squares of the edges drawn from a vertex and the sum of 
the squares of the edges of the opposite face, is situated on ([). We have for this 
point: 

y2/(y + 2) = 2(a? — a’), xy/(x + t) = — 2(a? — a”), 

wa/(% + 2) = 2(b? — yi/(y + t) = — 2(6? — 

xy/(% + y) = 2(c? — st/(2 + = — — 


The barycentric coordinates (x’, y’, 2’, t’) of the point M’ corresponding to M 
satisfy the relations 


a*yzy'z'/(y + £)(y + 2’) + + +1) =0,--- 


and 
a*/x! + a’?/y' + + a?/t! = 0, 
+ B/y! + + = 0, 
+ + + =0, 
so that 


1/x’, 1/y’, 1/2’, 1/t’ are proportional to 


, 
a’ |, —|a® a? 


In other words the coordinates of M’ are inversely proportional to the quantities 
2(bca’)? + (b’c'a)? — [c’a’b)? + (a’b’c)? + (abc)*] 

m?= 2(cab’)? + (c’a’b)? — [(b’c’a)? + (a'b’c)? + (abc)?], 

n?= 2(abc’)? + (a'b’c)? — [(b’c'a)? + (c'a'b)? + (abc)*], 

2(a'b'c’)? + (abc)? — [(b’c’a)? + (c'a’b)? + (a’b'c)?], 

and (1) is satisfied. 


(4) 


4. Geometric considerations. If we consider a sphere (w), of radius o, for 
which the powers of the vertices A, B, C, D of T are ki?, km?, kn?, kp®, where 
1?, m*, n®, p? are given and & is an arbitrary coefficient, the radical plane (7) of 
(O) and (w) satisfies 


H 
j 
d 
| 
j 
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“Aw — o? = ki? = 20w- Aa, 

“Ba? — o? = km? = 20w- BB, 

“Cw? — o? = kn® = 20w-Cy, 

‘Dw? — o? = kp? = 20w- Dé, 
where a, 8, y, 6 are the orthogonal projections of A, B, C, D on (7). When k 
varies the locus of the center w of (w) is the line A drawn through O perpendicu- 
lar to (7); (3) remains fixed and has as its tangential barycentric coordinates 
}?, m*, n*, p?.* To two values ki, ke of the parameter k correspond two spheres 


(w1), (we) such that 
Ow; = hi/ ke 


Aa + BB+ Cy + Dé = 4GP 


where P is the orthogonal projection of the centroid G of T on (7). In the special 
case where 


— Bu? = k[(a? — — (6? — 
“Bu? — Cw? = k[(b? — — — 


A coincides with the Euler line OG of T, since 


(5) 


AG — = — — — — 8], 
BG? — CG? = — 3[(b? — — (2 — 
as (7) is then normal to OG, we have Ow/OG = —4k 


‘Aa = — [?/80G, BB = — m?/80G, Cy = — n*/80G, Dé = — p?/80G, 
and 


(6) (Aa+ BB+ Cy + Déd)/4 = GP = — + m? + + p?)/3206. 


If we write 
7) m? = + a? + — + a’? + 
n? = + b? + — + 
p= a?+ — (a? +0240), 
we find 


“Aw — Ba? = — 2[(a? — a’) — (b? — b”)],--- 
of the same form as (5). For this choice of /?, m?, n?, p? (a) is perpendicular to 
* V. Thébault, Mathesis, 1932, Supplément. 
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OG at a point P such that 
GP = — (I? + m* + n® + p*)/320G = 0, 


so P coincides with G. The point M of (I) for which the barycentric coordinates 
are inversely proportional to the quantities (7) is the harmonic pole of the plane 
(3) perpendicular to OG at G.* 

The point M’ which corresponds to M is the harmonic pole of the plane (7:1) 
whose barycentric coordinates are proportional to (4). (71) is parallel to the 
radical plane (7’) of (O) and of the sphere determined by 


= (bca’)? + (b'c’a)?, 
m'? = (cab’)? + (c’a’b)?, 
n'? = (abc’)? + (a’b’c)?, 
p’? = (a’b’c’)? + (abc)*. 
If we take values (4) of ]?, m?, n?, p? we have 
— m* = 2[(bca’)? + (b'c'a)? — (cab’)? — (c'a’b)?] = — 
5. Special tetrahedrons. 


A. The orthocentric tetrahedron. The centroid G is on (I’) since (1) is satisfied 
by x =y=s=1. The barycentric coordinates (x’, y’, 2’, ¢’) of the point G’ which 
corresponds to G are: 

1/x’ = 2(b? + c? + a”) — (6 + + a’), 
G’ coincides with the orthocenter H. The sphere (S) is then the first twelve- 
point sphere of T. 

B. Circumscriptible tetrahedron. Besides the point M mentioned in section 2 
the point M, whose barycentric coordinates are inversely proportional to the 
quantities: 

P=2(b+c+a) +a), 

m? = 2(c+a+ bd’) — (c+ a’ + 3), 

n? = — 0), 

= + +c’) — 
is on (I). It is the harmonic pole of the radical plane of (O) and (w), where 
}?, m®, n’, p? are proportional to the powers of A, B, C, D with respect to (w). 
Let G, be the centroid of the edges of the tetrahedron T. The barycentric 
coordinates of the point Q symmetric of G, with respect to G are: 


a+b'+c’, a’ +b+4+¢, a’ a+b+ec. 


The coordinates of the anticomplimentary point of Q are precisely the values 
* A. de Majo and V. Thébault, Mathesis, t, 57, p. 75. 
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l?, m®, n®, p?. Furthermore, M, coincides with the point of intersection of the 
lines which join the vertices of the tetrahedron with the Gergonne points of the 
triangles of the opposite faces. The lines drawn through M, meeting opposite 
edges of the tetrahedron encounter the opposite edges at the points of contact 
of the sphere tangent to the six edges, so M; and Mj coincide. 


Note 1. A. de Majo has communicated the following results concerning the 
harmonic pole M of the plane normal to the Euler line OG at G: 

a). The parallels to the medians of T drawn through M meet the corresponding 
faces in four coplanar points. 

b). The six isotomic planes of the planes drawn through M and the edges of T 
are parallel to the line joining the centroid G to the point Q of coordinates b?+-c?+-a"?, 


NoTE 2. In general, the locus of the harmonic poles of the planes parallel 
to a fixed plane, with respect to a given tetrahedron T, is a skew cubic which 
passes through G. If the fixed plane is perpendicular to the Euler line OG, its 
harmonic pole describes the cubic whose equation in normal coérdinates is: 


02+ ; (e+ a+ 4+—)y 


(« + + 


where ha, hs, he, ha indicate the lengths of the altitudes AA’, BB’, CC’, DD’ of 
T. This cubic is the isogonal inverse of the line joining the first point of Lemoine 
K to the point Q; of normal coérdinates c?+a?+6"?, a?+6?+c’?, 


A MINIATURE THEORY IN ILLUSTRATION OF THE 
‘ CONVOLUTION TRANSFORM* 


I. I. HIRSCHMAN, JR. and D. V. WIDDER, Harvard University 


1. Introduction. The convolution transform is defined by the equation 
(1) f(x) = G(x — 


The kernel G(x) is thought of as given. Equation (1) then “transforms” functions 
* Supported in part by the Office of Naval Research under contract NR 045-052. 
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¢(t) into functions f(x). If the kernel G(x) is suitably chosen the transform (1) 
becomes, after an obvious exponential change of variable, the Laplace transform 


(2) f(x) = f e~*'p(t)dt. 
0 

For another choice of the kernel, equation (1) becomes 

(3) 


the so-called Stieltjes transform. 

The present authors [1]-[4]* have given a fairly complete discussion of the 
transform for a very general class of kernels. The analytic development of the 
theory is somewhat involved, but the type of result obtained can be illustrated 
by use of a special kernel. By use of it we shall obtain directly, without any 
reference to earlier work, results that are quite analogous to the general ones. 
They may also serve to illustrate the general theory for the Laplace and Stieltjes 
transforms, and we shall preface each theorem with a number in braces, { }, 
referring to the analogous theorems in The Laplace Transform,** [6]. 

The simplification effected by our present choice of kernel is due to the fact 
that for it equation (1) can be inverted (solved for ¢(¢)) by a linear differential 
operator of first order, whereas in general, and in particular for the transforms 
(2) and (3), the inversion operator must be of infinite order. The results of the 
present note, though designed primarily as illustrations of a more complex 
theory, are not without interest in themselves. 


2. Notations. Throughout we shall assume that ¢(¢) is continuous and that 
f(#) has a continuous first derivative for all ¢. More general classes of functions 
could be considered, but the main points of the theory are brought out by the 
present simplifying assumptions. We say that f(t)€B if it is bounded on 
— «0 <t<o and that f(t) EL? if 


< 0, 


Arrows, =>, <=>, are used for implication. The kernel used throughout the re- 
mainder of this note is 


G(t) = 0, t>0; 
G(t) = is 0. 


* Numbers in brackets refer to the bibliography at the end of this note. 
** Roman numbers refer to chapters, arabic to theorems. 


: 
q 
i 
j 
j 
: 
j 
— 
| 
| 


1950] MINIATURE THEORY ILLUSTRATION—CONVOLUTION TRANSFORM 669 


3. Convergence. 
{VIII 2a} THEOREM 1. The integral (1) converges for some xo 
=> the integral converges for all x. 


For, 
f t)o(t)dt = f 


Then 


f 


converges by hypothesis, from which the conclusion of the theorem is immedi- 
ate. As a result of this theorem we may speak of (1) simply as convergent or 
divergent. 

It should be observed that for other kernels the integral (1) may have other 
convergence properties; {compare II, 1}. The general theory distinguishes 
between these properties on the basis of characteristics of the kernel. 


4. Inversion. 
{VII 6a, VIII 9} THEoreEm 2. (1) converges 
f(x) — f'(x) = (x), 


That is, the inversion operator, with our present choice of kernel, is the dif- 
ferential operator (1—D), where D indicates differentiation with respect to x. 
The proof is immediate. We have 


fa) = f 


f'(x) = — o(x), ow, 


The result now follows by subtracting these two equations. 


S. Representation. We wish now to investigate what classes of functions 
f(x) can be represented in the form (1). 


{VII 11a, VIII 13} THeorem 3. 
f(x) ~ Ae, (some constant A, x—> + ©), 


=> f(x) = fo Ae, 


For, we have after integration by parts, 


q 4 
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R R 
f etf'(i)dt = f(R)e-® — f(x) + f 


R 


Let R-. By hypothesis the right hand side tends to f(x) —Ae* so that 


This equation is equivalent to the conclusion of the theorem. 


Coro 3.1 limz.4. e~7f(x) =0 


Coro.iary 3.2 fy e~*[f(t) converges 
=> f(x) ~ Aé, 
where 


(6 A = (0) - f — fo lat. 


This conclusion follows from equation (4), where now it is the left-hand 
side which is known to approach a limit as R>+ ©. Equation (6) follows 
from (4) when x=0, R=+ ~. Thus we see that equation (5) is valid whenever 
the integral converges. 


6. Bounded ¢(#). We now characterize the functions f(x) which have the 
representation (1) with bounded ¢(é). 


{VII 16a, VIII20a} THeorem 4. f(x), f’(x) EB 


<> se) = f Ge 


where EB. 
We observe first that G(#) 20 for all ¢ and that 


— = fica = 1. 


First assume the representation (1) with | (2) | SM for all t. Then 


} 
j 
— 
i 
q 
| 
| 
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| -— =| SM, 


from which it follows that f(x), f’(x) EB. 
Conversely, from the boundedness of f(x) it is clear that 


lim e-*f(x) = 0. 


By Corollary 3.1 


where ¢(t) =f(t) —f’(#). Since f and f’ are bounded, the same is true of ¢. 
Coro.uary 4. f(x) —f’(x) EB 


f "Gla — + Ae, 


where o(t)€B and A is some constant. 


Half of this conclusion follows from Theorem 2, the other half from Corol- 
lary 3.2. 


7. Positive ¢(¢). Here we investigate the analogue of Bernstein’s classic re- 
presentation of completely monotonic functions. 


{VII 14a, VIII 17c} THEoreM 5. 
f(%)20, f(x) — 20, (— <a), 


f "G(x — No + Ae, 


where o(t)=0 and AZO. 


If f(x) has the convolution representation described in the theorem one sees 
by inspection that f(x) and f(x) —f’(x) =(x) are non-negative functions. 
Conversely, we have from equation (4) that 


R 
- = 10 - 
Since we are now assuming that f(#) 20 and f(t) —f’(#) 20, we have 


R 


} 


| 

| 
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-rolas so, 
0 
Hence we may apply Corollary 3.2 to obtain 
sa) = [Ge + Aer, 


where $(t) =f(t) —f’(t)20. From equation (6) and inequality (7) we see that 
Az20, and our result is proved. 

In the light of Corollary 4 we might seek to alter the present theorem in 
such a way as to eliminate the hypothesis f(x) 20. That it is not redundant for 
the present theorem is evident from the function f(x) = —xe*. Since it changes 
sign it cannot have the representation of Theorem 5. Yet f(x) —f’(x) =e7>0. 
However, we have the following alternative result. 


COROLLARY 5.1 


1. f(z) — f(x) 20, 
2. lim e*f(x) = 0 


<=> f(x) = f — é)d(t)dt, 


where 20. 
This follows immediately from Theorem 2 and Corollary 3.1 


COROLLARY 5.2 


1. f(x) — f’(x) 2 0, om, 
2. lim e*f(x) =0 
=> f(x) 2 0, ow, 


This is a consequence of Corollary 5.1. It is of interest, independent as it is 


_ of any representation theory. 


8. Functions ¢(/) in L?. In general theory these classes must be discussed 
separately according as p>1 or p=1. Here the two cases coalesce into a single 
one. 


{VII 15a, VIII 19a} 6. f(x), f’(x) EL, (p21), 


{(x) = “Gla — 


where o(t) 


3 
ir 
4 
i 
= 
i 
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First suppose that f(x) has the integral representation described. 
Then if p=1 


and by Fubini’s theorem* 


fi f(a)| dex sf at 
< fi ¢(t)| a — idx 
= f dt. 


Thus f(x) EL. Since f(x) —f'(x) =(x) EL, it is clear that f’(x) EL. 
If p>1, we have by use of Hélder’s inequality 


s[ toe - oma] "| tee - , 


where 1/p+1/q=1. 
Evaluating the first integral on the right and again using Fubini’s theorem, we 


obtain 
fi f(x)| "dx < Be f — 1) 


Thus it is again evident, from Minkowski’s inequality,** that f and f’EL?. 
Conversely, if f—f’€L” it is clear from Hélder’s inequality** (or from the 
boundedness of e~' if p=1) that 


f — 


converges. Hence we may apply Corollary 3.2 to obtain 


se) = f Ge + Ae, 


* See, for example, E. C. Titchmarsh, The Theory of Functions, Oxford 1932, p. 392. 
** See E. C. Titchmarsh, loc. cit., pp. 383-384. 


i 
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where $(¢) =f(t) —f’(t)EL®. Then the function defined by this integral EL? 
by the first half of the proof. Since e*€L? and f(x) EL? we see from Minkowski’s 
inequality (or directly if p=1) that A =0. This concludes the proof. 


Coro.iary 6. f(x) —f’(x) EL? (p21) 


f "Gla — + 


where o(t)EL? and A is some constant. 
This follows from Theorem 2 and Corollary 3.2 
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NOTE ON MARTIN’S ERGODIC FUNCTION 
W. R. Utz, University of Missouri 


1. Introduction. Let M be a fixed bounded point set in the plane containing 
more than one point; let € denote a positive number. If C is a continuous, recti- 
fiable curve in the plane such that each point of M is within distance e of some 
point of C, then M. H. Martin (Ergodic curves, American Journal of Mathe- 
matics, vol. 58 (1936); The ergodic function, Bulletin of the American Mathe- \ 
matical Society, vol. 43 (1937)) calls C €-ergodic to M. Let p>0 be the radius of | 
the smallest circle containing M; for a given ¢ let A(e) be the greatest lower 
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bound of the lengths of the continuous, rectifiable curves €-ergodic to M. Martin 
has shown that A(e)=0 if and only if e2p, and that, for all positive e¢, the 
function A(€) is continuous, monotone non-increasing and non-negative. He 
proves that there is a continuous, rectifiable curve e-ergodic to M and having 
length A(e). 

To show that A(e) is finite for each e, he exhibits a family of spirals e-ergodic 
to M and of finite length. In this note we remark that A(e) is strictly monotone 
decreasing and bounded above by a function more simple than the lengths of 
the spirals. 


2. Theorem. We shall establish the following result. 


THEOREM 1. The function A(e) is strictly monotone decreasing on 0<e<p. In 
fact, if 0<a<b<p, then A(a) —A(b) 2b—a>0. 


Proof. Let 
C: «= x(2), y= 94), Osis1, 


be an a-ergodic curve to M with length A(a). We first observe that A(a) >b—a. 
If this were not true, an arbitrary point P of M could be joined to (x(0), y(0)) 
by a path of length not exceeding b by first joining P to C by a path of length 
not greater than a and then joining this point to the initial end-point of C by a 
path along C of length not greater than b—a. Thus, since )<p, the inequality 
A(a) $b—a is impossible. 

Let ¢* be the value of the parameter ¢ such that the part C* of C correspond- 
ing to 0S/Sé* has length b—a. We shall now show that C—C*, a non-degener- 
ate, proper sub-curve of C given by ¢* StS, is b-ergodic to M. If P isa point of 
M within distance a of C—C*, then P is within distance b of C—C* since b>a. 
If P is farther than a from C—C*, then its distance to some point Q of C* is not 
greater than a. Since Q is within distance b—a of (x(t*), y(é*)), the distance of P 
from this end-point of C—C* is not more than 6. Thus A(d) is smaller than 
A(a) by at least the positive number b—a. 


3. A further result. We shall establish another inequality, as expressed in 
the following theorem. 


THEOREM 2. For all 0<eSp we have 


p—eS AQ) < +3). 


Proof. The inequality on the left is an immediate consequence of the in- 
equality in Theorem 1 and A(p)=0. 

Let S denote the circle of radius p bounding M. For a given e¢ let m be the 
positive integer for which »—1<p/eSn. We shall construct a continuous, recti- 
fiable curve from circles concentric with S and held together by a radius of S. 
As our system of circles we take the »—1 circles concentric with S and having 
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radii p—je, 7=1, 2, - - - , m—1. Any point of the interior of S (hence any point 
of M) is within distance e¢ of a circle of the system. Clearly the number of circles 
could be decreased if »>3. The sum of the lengths of circles of the system is 


2n((n —1)p- 


If we add a radius of S, we secure a continuous, rectifiable curve having length 
less than A(e). In particular, we have 


A(e) < 2” (no 


Since n=p/e and n<p/e+1 we have 
A(e) < mp (2 + 3). 
€ 


4. Discussion. It would be of interest to know what the shortest ergodic 
curves are in case M consists of a finite number of points. In case M consists of 
only two points, the shortest ergodic curve, for a fixed ¢, is a straight line seg- 
ment. In case M consists of three points, the shortest ergodic curve is easily 
proved to be a straight line segment or two straight line segments with a com- 
mon end-point. The two cases arise from considering the various possible posi- 
tions of the three points (cf. Courant and Robbins, What Is Mathematics, 
Oxford, 1941, p. 336 et seq. for a lemma useful in determining the position of the 
curve). The question asked here could be phrased as follows: A paper boy is to 
throw papers at n>1 given houses in a plane. If he can throw a paper e feet and 
can have his papers delivered to him at any point in the plane, what route has a 
minimum length? 

As is seen in the simplest case (when M consists of two points), A=A(e), 
0 <eXp, has a linear graph in the (e, A)-plane. Professor Martin has conjectured 
(in a letter to the author) that for any point set M, if A(e) is not linear, it is 
convex. That is, for any two values &, €2 selected from the interval 0<eSp we 
have 


+ pes) S AA(Ex1) + wA(Ed), 
where w20 and A+y=1. 


In addition to these questions one might ask when the (generally improper) 
Riemann integral of A(€) exists on 0SeXp. What does the linearity of A(e) on 
an interval of 0<eSp imply concerning the structure of M? When is A(e) dif- 
ferentiable? 
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EUCLIDEAN n-SPACE ANALOGUE OF A THEOREM OF GALILEO 
JosEPH BARNETT, JR., Oklahoma Agricultural and Mechanical College 


1. Introduction. The purpose of this paper is to establish an n-space analogue 
of the following theorem due* to Galileo: The area of a circle is the mean propor- 
tional between the areas of any two similar polygons, of which one is circumscribed 
about the circle, and the other is isoperimetric with the circle. 


2. Theorem. We shall establish the following result. 


THEOREM: Let V; denote the n-dimensional content of a sphere in Euclidean 
n-space, V the n-dimensional content of a circumscribed polytope, and v that of a 
similar polytope whose (n—1)-dimensional content is the same as that of the sphere. 
Then Vi. 


3. Proof. Let r denote the radius of the sphere, and S,, S, and s respective 
(n—1)-dimensional contents, so that s=S, by hypothesis. Since the circum- 
scribed polytope is composed of pyramids of altutide 7, having a common apex 
at the center of the sphere, we have V=Sr/n, and similarly Vi=S,r/n. Since 
the two polytopes are similar, it follows that 


Solving for v, we get v= V(s/S)"/"-!, Therefore we have 


4. Conclusion. Hence we have a direct generalization} of Galileo’s theorem: 
The volume of a sphere in Euclidean n-space is the geometric mean of the volume of a 
circumscribed polytope, and that of a similar polytope whose (n—1)-dimensional 
content is the same as that of the sphere, with weights 1 and n—1, respectively. 


A PROPERTY OF MINKOWSKIAN CIRCLES 
P. J. KEtty, University of California, Santa Barbara College 


1. Introduction. Let a Euclidean circle C with center A be given. Move C 
rigidly to circle Cy with center Ao on C, and let A; be one of the intersection 
points of C and Co. If now Cp is moved to circle C; with center at Ai, then C 
and C; intersect at Ao and at a second point A». Again, if C; is moved to C2 with 
center at A», then C and C; intersect at A, and at a new point A;. The fact that 


* The writer found the above theorem entitled Galileo's Theorem as Ex. 135, pp. 377, in “Plane 
and Solid Geometry,” 1899, by William J. Milne. 

¢ The writer is greatly indebted to Professors E. F, Beckenbach and H. S. M. Coxeter for their 
aid in the preparation of this paper. 
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in this process the new circle always passes through a previous intersection point 
can be called the “‘re-entrant”’ property of a circle with respect to its center. 
The intersection sequence, of course, contains only six points, or, the circle 
“goes around itself six times.” 


2. Theorem. If the motions above are restricted to translations, the process 
can be carried out, with identical results, on Minkowskian circles. Or, with 
translations understood, the same thing can be stated for the Euclidean plane 
as follows. 


THEOREM 1. Every simple, closed, strictly convex curve which has a center ts 
re-entrant with respect to that center and goes around itself six times. 


3. Proof. Let such a curve C with center A be given, and let Ao be an 
arbitrary point on C. The line ¢ determined by A and Apo cuts C again at A3. 
Take P a variable point on C and consider the chord which has P as an end-point 
and whose line is parallel to ¢. It is well known that the segment A,A; has the 
unique maximal length for all such chords, and that as P moves away from Ao 
the corresponding chord length decreases monotonically until P reaches a posi- 
tion where its chord line is a supporting line of C and the chord length is zero. 
As P moves away from Ao, on one side of ¢, let A; be the first point at which 
the chord length is AoA;/2, and let the second end of this chord be Az. Let the 
line of A; and A cut C in Ay, and the line of Az and A cut C in As. Join these 
points determined on C in the index order to form an inscribed hexagon. By the 
center property of C and the equality of vertical angles, it follows from con- 
gruent triangles that the opposite sides of this hexagon are equal in length and 
on parallel lines. Moreover, opposite sides have length half that of the chord 
determined by the remaining two vertices, and this third chord is parallel to the 
opposite sides. To show this, take T a translation which moves C to C’ so that 
A falls, for example, on A,, and let P be an intersection point of C and C’. Then 
P and T-!(P) determine a chord of C whose line is parallel to that of A; and Ag, 
and whose length is A,:A,/2. Since C has only two such chords, namely A,A; 
and A,A;, it follows from the position of the vertices that P is A; or As. If A is 
moved to any vertex of the hexagon, then, C in its new position passes through 
the adjacent vertices. Starting with Ao, which was arbitrary, then, C has the 
re-entrant property and the intersection sequence closes with As. 


4, Another result. If a simple, closed, convex curve has the re-entrant prop- 
erty, with respect to an interior point A, and if P and Q are two consecutive 
points in an intersection sequence, it is easy to see that the chord through A, 
which is parallel to the line determined by P and Q, must be bisected by A. By 
the use of continuity this can be extended to give the following result. 


THEOREM 2. If a simple, closed, strictly convex curve C has the re-entrant 
property with respect to an interior point A, then A ts the center of C. 
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EQUATIONS OF COMPATIBILITY FOR FINITE DEFORMATION 
OF A CONTINUOUS MEDIUM* 


W. R. SEUGLING, University of California, Los Angeles 


This note contains a concise derivation, in explicit form, of the integrability 
conditions for the case of finite deformations. These do not appear to be con- 
tained in the existing literature on the theory of finite deformations.** 

If a continuous medium, occupying a region of three-dimensional Euclidean 
space, is subjected to a one-to-one continuous deformation such that the points 
of a line element of length dso are displaced to the points of a line element of 
length ds, then the Eulerian strain tensor e,; is defined by 


(1) (ds)? (dso)? = (i, 7 = 1, 2, 3), 


where x!, x?, x* are the coordinates of a point in the deformed space. These co- 
ordinates are, in general, curvilinear. Using the same set of coordinates to 
designate points of the medium before and after deformation, we define the co- 
variant metric tensors g;; and h;; of the deformed and undeformed spaces, re- 
spectively, by the fundamental quadratic forms: 


(ds)? = 


(2) (dso) = hyjdx*dx', 


Inasmuch as the manifold in question is Euclidean, the Riemann tensor Rjjxi, 
based on either ¢;; or h;;, must vanish. If this condition is applied to the tensor 
h;;, by using g;; as the fundamental metric of the space in which the e;; are de- 
fined, one obtains a set of six non-linear partial differential equations, called 
the equations of compatibility. 

In the following derivation, covariant differentiation is performed with 
respect to the metric tensor g,;, and a prime is used to distinguish Riemann ten- 
sors and Christoffel symbols based on h,; from those based on g;;. 

Comparing (1) and (2) we get 


(3) his = — 

so that 

ax* Lik jk 


A calculation of Christoffel’s symbols [ij, k]’ yields 


* I am indebted for the suggestion of the method of deducing these equations to Professor 
I. S. Sokolnikoff. 

’ ** A paper by V. Z. Vlasov, entitled “The Equations of Continuity of Deformations in Cur- 
vilinear Coordinates,” Journal of Applied Mathematics and Mechanics, vol. 8 (1944), pp. 301-306, 
utilizes ideas somewhat related to those of this note. However, in deriving his equations, Vlasov 
used variational techniques which restricted him to the consideration of infinitesimal deformations. 
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(5) = { he 


where ¢;;, is defined by 

(6) Cijk = — 
Since contravariant metric tensors g‘/ and h*/ are 

(7) gii = Gii/g, hii = Hiish, 


where G‘i and Hi are the cofactors of g,; and hy; in | g,;| =g and | h,;| =, respec- 
tively, it follows that 


In order to obtain the Riemann tensor Rj, we compute 


Also, from (5) and (8) we have 


a 
jk 


and from (4) and (6), we deduce that 


haik = — 2€aik = — (Cita + Cari). 


Therefore 


+ Aijer — + 


where 
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Clearly, the system A;;,: is symmetric with respect to the third and fourth 
indices. If we impose the condition that the Riemann tensor Rj is a zero 
tensor, we get 


Rin = =. [jl, - Lik, + al’ = a]’ = 0; 
and the use of the foregoing formulas yields 
Rint = + + (ejnpeita — 
since, by (6), 


Cjki,t — = + — — li = Cijkte 


However, we have R%,=0, and hence the equations satisfied by the strain 
tensor are: 


If the second order terms are neglected, these expressions reduce to the usual 
form for the equations of compatibility, 


= Cin, + — — = 
familiar in the theory of infinitesimal deformations, 


SOME ELEMENTARY IDENTITIES OF ORDERED ABELIAN SETS 
A. L. Foster, University of California, Berkeley 


1. Introduction. By slightly generalizing and abstracting the relations be- 
tween exponents which occur in the representation of the endomorphisms of an 
Abelian group as a (pseudo) matrix ring, one finds as a by-product a number 
of elementary ordering identities which seem to be of some independent interest. 
It is the purpose of this note to call attention to several of these, which are 
faintly reminiscent of four point ordering theorems of projective geometry 
(Theorem 5). 


2. Results. An ordered Abelian set S=(S, <, +) is an ordered set (S, <) 
a < b,a = 5, orb < a (exactly one) 


5, S, 


such that S is a subset of an Abelian group (G, +), 
(ii) S 


: 
j 
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and where 
(iii) a,b€S and aSb implyb—a@ ES. 


In an ordered Abelian set (S, <, +), (S, +) need not be closed with respect 
to +, nor need < be defined throughout G. From (277), however, one has 


(2.1) 


In the special case where S=G (= “ordered Abelian group”), (zit) is evidently 
redundant; an ordered Abelian group is then simply an Abelian group (G, +) 
whose elements have been ordered in any way (1). 

For example, for given m, the set of all integers 0Sx<m is an ordered 
Abelian set with respect to ordinary +, and < =natural order. Again the sub- 
set 0, 3, 6, 9 of the additive group of whole numbers is an ordered Abelian set if 
< refer to the natural order, but not if < is determined by 


0<6<3<9. 
Again, for example, the natural numbers 0, +3, 6,9, 12, - - - , ordered by 
0< —-3<3<9<6< 2 < 15 <1 <---, 
form an ordered Abelian set as do also0, +3, —6, —9, —12, +--+, ordered by 


Among the elementary functions definable in an ordered Abelian set S 
=(S, <, +), for all a, 6, c of S, we consider 


b-a if asb, 
(2.2) = { 

a—b if 
2.3) 


(2.4) [a, b,c] = 0’, where a’ S b’ Sc’, anda’, b’, c’ = a, b, c, in some order. 


It is seen that [a, b, c] is uniquely defined by (2.4), that each of the three 
functions (2.2)—(2.4) has S as its range, and that (2.2) and (2.4) are symmetric 
in all arguments, 

| 6] =| 4a], 
[a, b, c] = [a, c, b] = [8, a, c] = etc. 
Relative to a given ordered Abelian set (S, <, +) one may call la, b| the 


“absolute range” between a and ), /a, b/ the “forward range” from a to b, ‘and 
[a, b, c], the “middle” of the set a, }, c. 


(2.5) 


THEOREM 1. In any ordered Abelian set we have 
(2.6) /a, b/ + /b, — /a, =| [b, ¢, a]]. 
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The proof of (2.6) is seen by direct verification for each of the possible rela- 
tive orderings of a, b, c. If 


_ both sides of (2.6) reduce to 0, 
both sides of (2.6) reduce to b—c, 
_ both sides of (2.6) reduce to a — 8, 
both sides of (2.6) reduce to c — J, 
both sides of (2.6) reduce to 5b —a, 
¢<bsa_ both sides of (2.6) reduce to 0. 


(2.7) 


In view of the fact that S is in general not closed with respect to + (or 
with respect to —), the following corollary is of interest: 


CoroLuary. In an ordered Abelian set, /a, b/+/b, c/—/a, c/ is an element 
of S for all a, b, c in S. 


As in Theorem 1, we have the following result: 
THEOREM 2. In any ordered Abelian set we have 
(2.8) |x, y| 2] —|x, 2] = 2] », b,z, 
(Here 2t=t+1). 


If one abbreviates 


(2.9) +++ = /2,9/ +/y,8/ + +++ +/s, 

| st] =| +]y +] 5,4), 

by induction one obtains the following results: 

THEOREM 3. In any ordered Abelian set we have 

/xys+++uvw/ = /x, w/ +| y, [x, +] 2, [s, 4, x]| 
+| u, [u, 2, «]| +| v, [v, w, «]| 

THEOREM 4. In any ordered Abelian set we have 

| xy =| x, +2] Lys, +2] s, 
+ [u, v, x]| + 2| v, [v, w, x]|. 


Again by direct verification of the six possible arrangements of a, b, c one 
proves: 


(2.10) 


(2.11) 


THEOREM 5. In an ordered Abelian set we have 
(2.12) | a, [a, b, c]| +| b, [b, d]| =| b, a, d]| +|a, [a, d, 
If the left of (2.12) is denoted by II(a, 6; c, d) then (2.12) may be written 
II(a, 6; c, d) = a; d, c). 
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CLASSROOM NOTES 


EpiTEp By C, B. ALLENDOERFER, Haverford College, 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pa. 


MATHEMATICS “AU NATUREL” 
N. A. Court, University of Oklahoma 


In a recent article of this MoNnTHLY (Artificial Mathematics, vol. 57, No. 5, 
May, 1950, pp. 329-330) Professor F. H. Miller takes sharp issue with writers of 
textbooks, say, in differential equations or the calculus who present their solu- 
tions and proofs in an arbitrary, deus ex machina fashion, without letting the 
reader in on the secret which led to those solutions. 

The transgressing authors are indicted on three counts: (1) Such a procedure 
on the part of the said authors tends to undermine the faith of college teachers 
of mathematics that the science they profess is based on logic and that the 
solutions they offer are arrived at in a rational way. (2) Those artificial ways 
have a discouraging effect upon the students who begin to doubt their ability 
to do mathematical thinking of their own if such ‘crystal ball methods”’ are an 
integral part of it. (3) Such unmotivated mathematical arguments are unneces- 
sary and unjustified. They can readily be avoided if a little care and thought is 
devoted to the situation. 

To take the last point first, there is very little doubt that the solutions ob- 
jected to could be dressed up so that they would look ‘‘natural’’ and would ap- 
peal to our sense of ‘‘reasonableness.’”’ But if that neat appearance of theirs is 
meant to suggest that this was the path followed by their discoverers, it would 
be sadly misleading. Mathematical truths, solutions of mathematical problems, 
are seldom arrived at in such a matter-of-fact fashion. The proofs offered for 
them by their discoverers themselves have in most cases very little to do with 
the form in which these results were first conceived. The great masters of mathe- 
matical thought have been quite outspoken about this state of affairs (see 
Jacques Hadamard, An Essay on the Psychology of Invention in the Mathematical 
Field, Princeton University Press, 1945). Is being hit on the head by an apple 
falling off a tree a strictly logical approach to the invention of the theory of 
gravitation? 

But there is no need to climb to such dizzy heights, or even to go as high as 
differential equations, to discover ‘‘artificial’”” elements in mathematical proofs. 
Almost any proof in plane geometry offers convincing evidence of it. Take the 
theorem of the sum of the angles of a triangle (Euclid, Book I, prop. 32). After 
a line has been drawn through the vertex of the triangle parallel to the opposite 
side, the proof is very simple and very ‘‘natural.’’ But ‘‘where on earth does that 
parallel line come from?” Of all the things one might do, how does one know 
that the parallel line is the thing which will do the job? 
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We might as well tell our students that solving problems involves an element 
of inventiveness and that they will have to supply it if they are to be successful 
in their mathematical endeavors. Perhaps by the time they are ready to study 
differential equations it is not too early to shock them with this disturbing and 
challenging piece of news. 

And while we are divulging secrets, we might perhaps let our students in on 
another one we have been guarding from them with zeal worthy of a better 
cause. In the problems we propose to our students we are very careful to supply 
all the data relevant to their solution, and we are just as careful to keep out 
anything that is irrelevant thereto. We might as well tell them that this is arti- 
ficial, that it is done in order to make their work easier. In problems they may 
actually be confronted with that may not be the case. In fact, the most difficult 
part of their task may be precisely the separation of what is relevant from what 
is not. We might even go so far as to offer them problems where such a discrimi- 
nation would have to be resorted to. Perhaps it would be advisable to start on 
this course much earlier. Suppose we amuse ourselves by asking a seventh 
grader to work a problem like the following. 

One end of a string 4.5 ft. long is attached to an end of a diagonal of a rec- 
tangular white piece of paper 1/16 of an inch thick; the two sides of the rectangle 
passing through that point are 3 in. and 4 in. long. The other end of that same 
string is fixed to the point of intersection of the diagonals of a rectangular ceiling 
painted green, in a room that is 8 ft. high. Find the length of the diagonal of the 
paper and of the diagonal of the ceiling. 

So much about the students. As to the college teachers of mathematics 
themselves, they can find in their subject so many solid virtues with which to 
bolster up their professional enthusiasm that they can, without much regret, 
dispense with one of questionable validity. 


THE GENERAL SINE AND COSINE CURVES 


E. L. EaGue, University of Tennessee 


In many textbooks on analytic geometry, and trigonometry, the equations 
of the general sine and cosine curves are given expression, canonically, in the 
form: 


y = ksin (bx + ¢) 
y = koos (bx + ¢). 

However, there is an advantage to writing such equations in the following form: 
y = asin n(x — a) 


y = acos n(x — a). 


Then, a will be the amplitude and 27/n the period (as usual), but the lag or 
lead will be indicated, definitely, by the point (a, 0). For example: Given 


a3 
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y= 2/3 sin (3x+7/3), we convert to canonical form: 


Therefore, the amplitude is 2/3 and the period is 27/3; and, to sketch the curve, 
we may conveniently start a cycle at (—7/9, 0). 

This approach removes any uncertainty, when the curve is out of phase, 
as to whether we have a lag or a lead. 

It is gratifying to note that the taking of a from behind a minus sign is a 
procedure familiar to the student for he has already done the same thing in deal- 
ing with the circle, parabola, ellipse, and hyperbola. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EpitEp By Howarp Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of prob- 
lems. 


PROBLEMS FOR SOLUTION 


E 941. Proposed by P. A. Piza, San Juan, Puerto Rico 
Find positive integers a, b, c such that a?+6?+3c?=(a+6+c)*. 


E 942. Proposed by L. A. Ringenberg, Eastern Illinois State College 


In the sequence of powers of 2: 2, 4, 8, 16, 32, -- +, the units digits form a 
sequence of period four. What periodic properties do the other digits have? 


E 943. Proposed by S. H. Gould, Purdue University 


By analogy with the motion of the planets, it seems natural to assume for 
any central motion that, at least if the particle never passes through the center, 
(a) the distance of the particle from the center is a maximum only when the 
velocity of the particle is a minimum, (b) the velocity is a maximum only when 
the distance is a minimum. Prove (a) and give a counterexample of (b). 


E 944. Proposed by E. R. Bowersox, Chicago, IIl. 


A truncated cone with one end open is to be formed from a circular sheet, 
cutting out a central portion for the base, and using the remaining annular ring 
for the curved area. Solve for the truncated cone of maximum volume. 
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E 945. Proposed by Leo Moser, University of North Carolina 


If all the faces of a convex polyhedron have central symmetry show that 
there are at least eight vertices where exactly three edges meet. (The cube has 
exactly eight such vertices.) 


SOLUTIONS 
Odd and Even Derangements 


E 907 [1950, 184]. Proposed by C. D. Olds, San Jose State College 


A derangement of ordered letters is a permutation of the letters which 
leaves no letter fixed. Find formulas which will give the number of odd and 
the number of even derangements of ordered letters. 

Solution by S. T. Thompson, Tacoma, Washington. Let O,, En, and D, denote 
the numbers of odd, even, and all derangements of the m letters. One easily 
finds 0; =E,=0, Oc=1, E2=0. We now determine a recursion formula for 
On, n>2. Starting with the original arrangement of the m letters, transpose the 
first and kth letters. There will then be £,_2: derangements of the remaining 
n—2 letters which lead to odd derangements of the entire set. Since k may be 
any one of the integers 2, 3, - - - , m, there are (n—1)E,_2 odd derangements of 
this type. Again, starting with the original arrangement of the z letters, con- 
sider the first letter followed by any one of the E,_1 even derangements of the 
last n—1 letters. Now transpose the letters in the first and kth positions, and we 
obtain an odd derangement of all letters. There are (n—1)E,_1 odd derange- 
ments of this type. The two types of odd derangements considered are mutually 
exclusive and exhaustive. Therefore 


On (n + E,-2), n> 2. 
Similarly 


Ba = (n 1)(Ona + On-2), 2. 


From these results one now easily establishes for all positive x, by mathematical 
induction, that 


(1) 0, — E, = ( = )"(n aa 1). 
But it is known that 


On+ E, = D, = )i/il. 


Therefore 
On = + (— — 1)}/2, 
E, {Dn — (— — 1)}/2. 


Also solved by D. H. Browne, C. F. Pinzka, James Singer, G. W. Walker, 
and the proposer. 
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The Proposer obtained the relation (1) by considering the determinant A(n) 
of order 7 all of whose elements are equal to 1, except those of the main diagonal, 
which equal 0. The value of the determinant is (—)*—1(n—1). Now let ji, 
jz, * * *,»jn be any permutation of the integers 1, 2, - - - , m. Then we can expand 
A(n) in the form 


Now any term in this sum which does not correspond to a derangement 
jis * * jn Of the m integers 1, 2, - - - , m contains an element from the main 
diagonal and so is zero. The value of a term which does correspond to a derange- 
ment will be +1 or —1 according as the permutation is even or odd. Thus the 
value of A(m) is E,—O,, and we obtain relation (1). 


A Property of 1/2 
E 908 [1950, 184]. Proposed by R. J. Koch, Tulane University 


Show that r=1/2 is the only rational value of r for which the geometric 
series ) ar", a0, has the property that there exists a term equal to the sum 
of all terms from some point on, and that when r=1/2 this property holds for 
every term. 


Solution by Walter Fleming, Mankato State Teachers College. The sum after 
m terms, for —1<r<1, is ar™/(1—r). Equating this to ar” we have 


m/i-—r) =r". 


For —1<r<0 it is necessary that m<n and we can write 


This equation has no rational roots. For 0<r<1 it is necessary that m>n and 
we can write 


+r—i1=0. 


This equation has no rational root except if m—n=1, in which case r=1/2 is a 
root. 

It is clear that for r=1/2, r*+1/(1—r) =r", for all m, which means that each 
term is equal to the sum of all the terms after it. 

In the trivial case, r=0, the required property holds for every term except 
the first. 
_ Also solved by R. E. Crane, Ragnar Dybvik, David Ellis, J. E. Freund, 
Roger Lessard, P. Na Nagara, C. S. Ogilvy, W. O. Pennell, Alex Rosenberg, 
Azriel Rosenfeld, C. M. Sandwick, O. D. Smith, Charles Solky, O. E. Stanaitis, 
Alfred Sylvester, C. W. Trigg, G. W. Walker, J. W. Young, and the proposer. 
Many of these solutions were incomplete. 
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Limit of a Determinant 
E 910 [1950, 184]. Proposed by R. M. Gordon, Carnegie Institute of Technology 


If k>0, f(x) are independent, f(x) exist and are well behaved, find 


fi(*) Sa(x) fa(2) 
+ h) + h) +++ + 
lim h-* | + 2h) + 2h) fala + 2h) 


h—0 


file + (nm —1)h] fale + (nm — + — 1h] 


Solution by O. E. Stanaitis, St. Olaf College, Minn. By adding to each row 
multiples of the rows above it as suggested by the difference operator 


j=0 j 


we may write the given expression in the form 


fi(x) f(z) +++ 
Afi(x) Afa() 
h h h 
lim | A*fa(x) A?f,(x) 


The limit of the determinant is the well known Wronskian, which, according 
to the conditions under consideration, is finite and different from zero. It follows 
that the limit of the expression is the Wronskian for k=(n—1)n/2, equals zero 
for k<(n—1)n/2, and does not exist for k>(n—1)n/2. 

Also solved by Kurt Eisemann, Roger Lessard, Norman Miller, and the pro- 
poser. 

Miller stated that for k=(m—1)n/2, the theorem in question is a special 
case of a more general theorem in which x, x +h, x+2h,--+,x+(n—1)h are 
replaced by x1, x2, * ++, %, and in which the denominator h* is replaced by a 
Vandermonde determinant. This more general theorem, again, arises from a 
generalized theorem of mean value of which the case »=3 is given in Goursat- 
Hedrick, Mathematical Analysis, vol. 1, p. 10. References to the more generai 
theorems and proofs are as follows: H. A. Schwarz, Collected Works, vol. 2, p. 
296; T. J. Stieltjes, Collected Works, p. 105; N. Miller, Trans. of the Royal Soc. 
of Canada, 1931, p. 195. 
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Miller also mentioned, as an allied problem, that of showing that the de- 

terminant 

1 x+h (x+h)? 

H=|1 2h)? («+ 2h)" 


1 x+nh (x+nh)? 


is independent of x. This may be done by showing that dH/dx=0. The value of 
the determinant, found by taking x =0, is 


11213! ml 


The special case, k=3, »=3, of the given problem, is found in Widder, 
Advanced Calculus, ex. 13, p. 220. 


Professor Umbugio’s Expedition 
E 911 [1950, 259]. Proposed by G. B. Huff, University of Georgia 


The following item appeared in the April 1, 1913, issue of the Erewhon 
Daily Howler: ‘‘Science lovers of Guayazuela will be disappointed to learn that 
the antarctic expedition of Professor Euclide Paracelso Bombasto Umbugio, 
which was planned to start the first of next month and last through November, 
has been temporarily postponed. In making his characteristically thorough 
preparations, the eminent numerologist discovered that June 13 of this year 
falls on Friday and has decided that he will postpone the trip until a year when 
no Friday the thirteenth occurs in the seven months of the expedition. The 
Professor, an authority on the doctrine of probability, assured the press that 
the delay will be of short duration. He explained that the probability of an 
auspicious month is 6/7 and that hence the probability of seven consecutive 
auspicious months is (6/7)? or a little more than 2/5. From this the genius infers 
that the probability of postponing the trip next year is less than 3/5 and the 
probability that it will be postponed for nine consecutive years is (3/5)°® or less 
than 1/100.” 

Of course, we now know that the Professor has never made his trip, though 
four times nine years have passed. Is the Professor having a tremendous run 
of bad luck? 


Solution by C. F. Pinzka, Xavier University, Cincinnatt. Beginning with May 
13 of any year, the days elapsing until May 13, June 13, - - - , November 13 are 
congruent modulo 7 to 0, 3, 5, 1, 4, 6, 2, respectively. Since these numbers form 
a complete residue system, one of these dates must fall on a Friday. 

Or, a glance at any calendar will show that the 13th day of May to No- 
vember, inclusive, is always on a different day of the week, whence one of these 
dates must always fall on a Friday. 
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Also solved by Martin Berman, A. D. Bradley, G. M. Dillon, Ragnar Dyb- 
vik, Emil Grosswald, E. S. Keeping, J. R. F. Kent, Roger Lessard, Marie A. 
Moore, C. S. Ogilvy, Bart Park, Azriel Rosenfeld, R. M. Simons, G. W. Walker, 
A. Wilansky, and R. V. Andree’s freshman mathematics class at the University 
of Oklahoma. 

The Professor’s probability argument falls down, of course, because calendar 
months are not independent of each other. It is interesting that the thirteenth 
of a month is more likely to be Friday than any other day of the week. See 
E 36 [1933, 607]. 


ADVANCED PROBLEMS AND SOLUTIONS 
Epitep By E, P. STarKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4415. Proposed by R. P. Boas, Jr., and W. K. Hayman, Brown University 
Find all the values of a and 6 for which the series 


> sin (n*) 
n=1 
converges. 
4416. Proposed by D. J. Newman, New York University 
Let a1, a2, a3, be a sequence of integers such that 1/a, diverges. 


Show that almost all integers have a factor in common with some @,. 


4417. Proposed by Victor Thébault, Tennie, Sarthe, France 


(1) The necessary and sufficient condition that an orthocentric tetrahedron 
T =ABCD can be bordered by isosceles tetrahedrons 7,=A,BCD, T,=B,CDA, 
T.=C,DAB, Tz=D,ABC is that all the face angles of T be acute. (2) The 
tetrahedrons T and are orthologic. (3) The lines 
DD, are four hyperbolic lines. (4) The sum of the squares of the areas of the faces 
of T., Ts, T., Ta is equal to the sum of the squares of the products of the opposite 
edges of T. 
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4418. Proposed by A. C. Aitken, Edinburgh, Scotland 


Evaluate: 
1 
1! 
22 1 
—2 
2! 1! 
33 2? 1 
— —3 
3! 2! 1! 
n™ (n — 2)? 1 
n! (n-—'1)! (n — 2)! 1! 


4419. Proposed by L. G. Jones, University of Oregon, and Alex Rosenberg, 
University of Toronto. 


In a paper, Remarks on Divisors of Zero, this MonTHLY [1942, 286-295], 
N. H. McCoy stated and proved the following theorem: Let f(x) be an element 
of R[x], where R is a commutative ring. Then f(x) is a divisor of zero in R[x] 
if and only if there exists a nonzero element c of R such that cf(x) =0. 

Show that, if R is not assumed to be commutative, the theorem no longer 
holds. 

SOLUTIONS 
Area Having Lowest Centroid 
4336 [1949, 186]. Proposed by Orrin Frink, Pennsylvania State College 


Find the arc of fixed length />2a, lying below the x-axis and joining the 
points (—a, 0) and (a, 0), which includes between itself and the x-axis an area of 
lowest possible center of gravity. This will be the form actually assumed by a 
weightless flexible arc supported at its ends if it is holding water. 


Solution by Frank Herlihy, Comstock, Michigan. Let: 


R=tension in the cable, which will be constant throughout its length since 
it is itself massless and the liquid cannot exert any shear on it; 
p=radius of curvature of the cable; 
o= mass per unit area of the liquid; 
g= gravitational constant; 
and let y be measured downward from the x-axis. 


Then the pressure at depth y below the axis is ogy. If the cable is in equilibrium 
the pressure ogy and the radius p at the point at distance y below the x-axis will 
determine R= —ogyp or 
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(1 + | dy/dx 
d?y/dx? 


With R/og=a?/4, an integration gives 
y? = + | dy/dx |2)-1/2 +c¢= — a’ sin? 


where 0=arc tan (dy/dx), and h=(c+4a*)"/? is the maximum value of y. 
In order that y shall vanish at the supports, a?>h?. Let h?=k*a* where 
k?<1, and let k sin $= —sin 30. Then y=h cos ¢ and since 


sin 0 = dy/ds = — h(sin ¢)(do/ds) 


we shall have 


ds , a 1 
do sing /1 — sin? 
Thus 
do 
=— 
Similarly 
dx sin ¢ 1— 2k?sin? ¢ 
— = — h—— cos 0 = — —————— » 
do sin 0 2 sin? 


ape do 
= aE(k, — 4aF(k, $). 
If a is the half span of the problem, then 
a = aE(k, $x) — 4aF(k, 
since y=h cos ¢ implies $= 347 when y=0. Also 3/=4aF(k, 37). 
If k and a are fixed, the curve is given in the parameter ¢ by 
y = x = aE(k, ¢) — 4aF(k, 


This solution is merely Euler’s solution of the Elastica, identical except for the 
values of k and a. See MacMillan, Statics and Dynamics of a Particle, pp. 196- 
200, where also curves are drawn for various values of k (including both the case 
where there are inflections, which is the present problem, and the non-inflec- 
tional case where k?2 1). 
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RECENT PUBLICATIONS 
EpITEp By E. P. VANcE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y.and not to any of the other 
editors or officers of the Association. 


A Short Course in Differential Equations. By E. D. Rainville. New York, The 
Macmillan Company, 1949. 9+ 210 pages. 


Upon reflection on the objective of the book which is being reviewed, one 
concludes that it was designed as a text for students who need a more complete 
set of recipes for the solution of the commonly occuring ordinary differential 
equations than he would find in the usual calculus book. The student reader, 
however, is not expected to have reached the stage where the term “theorem” 
belongs in a mathematics text. When a result is stated for the reader, he fre- 
quently finds a footnote indicating other hypotheses or the location of a precise 
statement and proof. 

The standard material of a first differential equations course is included with 
the exception that neither power nor Fourier series solutions are included nor 
is any treatment given of systems of equations. The highlight of the presenta- 
tion is the inclusion of a large number of examples in each section, so that the 
student may see in rather complete detail the procedure suitable for the par- 
ticular equation being treated. However, one may question the advisability of 
the inclusion of several examples with no variation in technique whatsoever in 
some sections. 

The book is well supplied with exercises and answers are included for vir- 
tually all the problems. The space devoted to applications is given to a more 
detailed study of the problems of the vibrating string and the electric circuit 
rather than a more superficial treatment of numerous applications. 

PAuL CIvIN 


An Introduction to College Geometry. By E. H. Taylor and G. C. Bartoo. New 
York, The Macmillan Company, 1949. 6+143 pages. 112 figures. $3.15. 


The book is a revision of one which appeared in 1939, and of which the re- 
viewer could find no mention in this MONTHLY. It is designed for prospective 
teachers of secondary mathematics who have had no synthetic geometry since 
high school; also to stimulate students interested in geometry to study the dis- 
coveries made in this subject since Euclid. 

No knowledge of mathematics is presupposed save that from the usual course 
of plane geometry in high school; no attempt is made to stress the logical founda- 
tions of the subject, nor any use made of imaginary elements in algebra. How- 
ever, on page 108, the cross ratio of a pencil of lines is defined in terms of the 
sines of the angles. Historical notes are scattered throughout the text wherever 
appropriate. 

The first four chapters deal with directed lines and angles, points at infinity, 
similar figures and loci. Chapter five is devoted to the properties of the triangle, 
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but nothing more modern than the Theorems of Ceva, Pascal and Desargues, 
the nine-point circle and the Simson line. The remaining chapters are concerned 
with harmonic ranges and pencils, pole and polar as to a circle, orthogonal and 
coaxal circles, cross ratio and the principle of duality. 

Numerous exercises of various degrees of difficulty appear in each chapter. 
The appendix lists 108 theorems from elementary plane geometry for ready ref- 
erence in the text and 22 constructions the reader should know. Here may be 
found 70 additional exercises and 50 construction problems if the student de- 
sires supplementary work. 

Within the scope of the book it is well written and should serve as a good 
introduction to a second course in the modern geometry of the triangle and cir- 
cle. The press-work and the proof-reading seem excellent. One slip occurs on 
page 59 where Menelaus is credited as living around 100 B.C. instead of 100 A.D. 

J. R. MussELMAN 


NEW BOOKS RECEIVED 


From Euclid to Eddington, the Tarner Lectures, 1947. By Sir E. Whittaker. 
Cambridge University Press, 1949. 10+ 212 pp. 

Analysis and Design of Experiments. By H. B. Mann. New York, Dover, 
1949. 10+ 198 pp. $2.95. 

La Geometrie Contemporaine. (‘‘Que sais-je?,’’ no. 401.) By A. Delachet. 
Paris, Presses Universitaires de France, 1950. 128 pp. 

An Index of Nomograms. By D. P. Adams. New York, Wiley, 1950. 10+174 
pp. $4.00. 

College Algebra. By H. A. Bender. New York, Pitman, 1950. 12+451 pp. 
$3.50. 

Legons sur la Théorte des Fonctions. Fourth Edition. By E. Borel. Paris, 
Gauthier-Villars, 1950. 12+295 pp. 

Experimental Designs. By W. Cochran and G. Cox. New York, Wiley, 1950. 
10+454 pp. $5.75. 

Monografia sobre los Numeros. By F. J. Duarte. Caracas, Tipografia Ameri- 
cana, 1949. 246 pp. 

Premiers principes de géométrie moderne. Third Edition. By E. Duporgq. 
Paris, Gauthier-Villars, 1949. 173 pp. 

Plane Trigonometry. By Gordon Fuller. New York, McGraw-Hill, 1950. 
13+270 pp. $2.75. 

Eléments de Physique Moderne Théorique. By Georges Guinier. Paris, Bordas, 
1949. 159 pp. 

Geléste und Ungeliste Mathematische Probleme aus Alter und Neuer Zeit. By 
Heinrich Tietze. Biederstein Publishers, Munich, 1949. Volume I: xx+256 pp.; 
Volume II: iv+305 pp. Paper Bound 18 DM, Linen Bound 25 DM (German 
Marks). 

Science 1s a Sacred Cow. By Anthony Standen. New York, E. P. Dutton and 
Company, 1950. 221 pp. $2.75. 
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CLUBS AND ALLIED ACTIVITIES 
EpiTep By L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS, 1949-50 
Newtonian Society, Lehigh University 


The Newtonian Society of Lehigh University is composed of sophomores and 
juniors who have demonstrated outstanding ability in mathematics during their 
freshman year. 

During the academic year 1949-50, the society devoted several meetings to 
reorganization. The following informal talks were presented at the remaining 
meetings: 

Some applications of number theory, by Prof. G. W. Petrie III 

Stellar astronomy, by Prof. R. N. Van Arnam 

Numerical analysis, by Prof. V. W. Latshaw 

Homogeneous functions and homogeneous differential equations, by Prof. J. W. 
Mettler. 

In February the constitution was changed to provide for the election of 
officers in February instead of in September. It was also decided to obtain cer- 
tificates of membership for all members. 

The present officers are: President, J. Burk McNamara; Vice-President and 
Treasurer, Frederick Kieshauer; Secretary, Alan Koppes; Faculty Advisors, 
Prof. J. O. Chellevold, Prof. G. W. Petrie III (fall semester). 


Kappa Mu Epsilon, Hofstra College 


The New York Alpha Chapter of Kappa Mu Epsilon held regular monthly 
meetings at which the following talks were presented: 

Mathematics in the schools of England, by Geoffrey Charlesworth 

The four-color problem, by Prof. L. F. Ollmann 

Verb tense determined symbolically, by William Beller 

Complex roots of polynomials determined graphically, by Prof. H. F. Fehr of 
Columbia Teachers College 

Non-Euclidean geometry, by Perry Watts 

Lissajous’s figures, by Otto Juelich 

Biometry, by Jane Brandt. 

In addition to the regular meetings, the chapter held a Christmas party and 
square dance, a picnic and an initiation banquet at which Prof. J. E. Eaton of 
Queens College spoke on The nature of applied mathematics. 

John Richard Prussen was the winner of the award offered to the best 
student of first year mathematics. 

The chapter was represented by five faculty and five student members at the 
Kappa Mu Epsilon luncheon held in New York City at the time of the Christ- 
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mas meeting of the M.A.A. 

The national officers of Kappa Mu Epsilon met on the Hofstra campus dur- 
ing the Christmas holidays. 

During the past semester, the chapter sponsored student help sections. 
Kappa Mu Epsilon members gave their time to help those who came at the 
assigned periods. 

Prof. L. F. Ollmann, chairman of the department, and national treasurer of 
Kappa Mu Epsilon, installed the Pennsylvania Alpha Chapter of Kappa Mu 
Epsilon at Westminster College, New Wilmington, Pennsylvania on May 17th. 

The officers for 1950-51 are: President, Peter Hinrichs; Vice-President, 
Richard Jaeger; Secretary, Emily Schuppel; Treasurer, Peter Marshall; His- 
torian, Jane Brandt; Corresponding Secretary, Lysle Marshall; Faculty Sponsor 
E. Marie Hove. 


Mathematics Club, Case Institute of Technology 


The activities of the Mathematics Club of the Case Institute of Technology 
for the year 1949-50 were entirely those of lectures by both students and 
members of the faculty. These lectures were: 

The method of least squares, by Dr. F. C. Leone 

The problem of trisecting an angle, by Irwin Wieder 

The Kénigsberg bridge problem, by Dr. C. Saltzer 

Conformal mapping, by George Millburn. 

The new officers are: President, James T. Morse; Vice-President, Ernst 
Prasse. 


Pi Mu Epsilon, Bucknell University 


The papers presented to the Pennsylvania Beta Chapter of Pi Mu Epsilon 
for the academic year 1949-50 were: 

Binomial theorem, by James Bortner 

Group theory, by Donald Ohl 

Practical equation solution, by Edwin Irland 

Applications of the finite calculus, by Evan Boden. 

Other activities included a business meeting, a social, and a picnic. Average 
attendance at each meeting was 30. 

The officers for 1950-51 are: Director, John W. Sprout; Vice-Director, F. R. 
Stauffer; Secretary, Charlotte Stratton; Treasurer, R. E. Jones, Jr. 


Kappa Mu Epsilon, Alabama College 


The Alabama Gamma Chapter held regular meetings from September 
through May. In October a party was given for all students in the college taking 
mathematics. In March nine new members were initiated and a banquet fol- 
lowed the initiation ceremony. 

The following papers were presented at other meetings: 

Number is everything, by Joyce Moncrief 

The number system, by Annie Falls. 
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Officers elected for the year 1950-51 are: President, Joyce Moncrief; Vice- 
President, Betty Ellis; Secretary, Gay Penn; Treasurer, Annie Falls; Program 
Chairman, Betty Crow; Faculty Sponsor, Mamie Braswell; Corresponding 
Secretary, Rosa Lea Jackson. 


Kappa Mu Epsilon, Central College (Fayette, Missouri) 


The Missouri Epsilon Chapter of Kappa Mu Epsilon at Central College 
enjoyed the following papers during 1949-50: 

Newton and Leibniz, by Paul Calvert 

Hamilton and quaternions, by Mark Barton 

The kinetic theory of gasses, by Merle Cartwright 

An introduction to modern geometry, by Dr. Floyd Helton 

Cantor’s theory of infinity, by Niels Nielson 

A brief history of the development of the engineering profession, by Prof. C. 
Denny 

History of the number system, by David Bouldin 

Gauss, Prince of Mathematics, by Norman Drissell 

Galileo, the Star Gazer, by Eva Gilbertson 

The duodecimal system of counting, by J. P. Karnes 

Methods of summability of infinite series, by Dr. Paul Burcham, Chmn. of 
Department of Mathematics, University of Missouri 

Evariste Galois, by Mary J. Groce 

Calculating prodigies, by Robert Christian 

Peaucellier’s cell, by Mary Cronbaugh. 

At the final meeting of the year, a picnic dinner for members and guests was 
held at the home of the Sponsor, Dr. Floyd Helton. 


NEWS AND NOTICES 
EpITED By EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


THE ELEVENTH ANNUAL WILLIAM LOWELL PUTNAM 
MATHEMATICAL COMPETITION 


The eleventh annual William Lowell Putnam Mathematical Competition 
will be held on Saturday, March 31, 1951. This competition, made possible by 
the trustees of the William Lowell Putnam Intercollegiate Memorial Fund left 
by Mrs. Putnam in memory of her husband, is under the sponsorship of the 
Mathematical Association of America and is open to undergraduate students in 
universities and colleges of the United States and Canada who have not received 
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a degree. The examination will consist of two parts of three hours each. The 
questions will be taken from the fields of calculus (elementary and advanced) 
with applications to geometry and mechanics not involving techniques beyond 
the usual applications, higher algebra (determinants and theory of equations), 
elementary differential equations, and geometry (advanced plane and solid 
analytic geometry). Any college or university wishing to enter a team or indi- 
vidual contestants may secure an application blank from Professor L. E. Bush 
112 Albertus Magnus Hall, College of St. Thomas, St. Paul 1, Minnesota, by a 
postcard request. All applications must be filed with the Director not later than 
March 1, 1951. If three candidates are presented from a college or university, 
they are to constitute a team; if more than three are presented from any one 
college or university, the team of three must be named on the application. 
Fewer than three from one college or university may compete as individuals. 

The examination may be given at any place where a team, or at least three 
candidates, can be assembled. Exceptions to this rule may be made by the Di- 
rector in cases where it would entail unusual inconvenience to a contestant. 
Sealed copies of the examinations will be sent to the supervisor of the examina- 
tion in time for the examination day and are not to be opened before the hour 
set. 

The prizes to be awarded to the departments of mathematics of the institu- 
tions with the winning teams are $400, $300, $200 and $100, in the order of their 
rank. In addition, there will be prizes of $40, $30, $20 and $10 awarded to the 
members of these teams according to the rank of the team; a prize of $50 to each 
of the five highest contestants and a prize of $20 to each of the succeeding five 
highest contestants. Each of the winners will receive a suitable medal. Honora- 
ble mention will be given to several teams next in order after the four winning 
teams and to several individuals next in order after the ten individual winners. 
For further encouragement of the Competition, there will be awarded at Har- 
vard University (or at Radcliffe College in the case of a woman) an annual 
$1800 William Lowell Putnam Prize Scholarship to one of the first five con- 
testants, this to be available either ound or on the completion of the 
student’s undergraduate work. 

Reports on the ten previous Ciiniipeiiaiaias and examination questions will be 
found in this MONTHLY for May, 1938, 1939, 1940, 1941, 1942, October, 1946, 
August-September, 1947, December, 1948, and August-September, 1949, 1950. 


COMMITTEE ON THE MATHEMATICAL TRAINING OF SOCIAL SCIENTISTS 


At the summer meeting of the Association at the University of Colorado on 
August 29-30, 1949 there was held a Symposium on the Mathematical Training 
of Social Scientists (this MONTHLY, vol. 56, 1949, p. 658). The Symposium was 
sponsored by the Mathematical Association of America, the Institute of Mathe- 
matical Statistics and the Econometric Society. A summary of the statements 
made by the participants in the Symposium has been printed in Econometrica, 
vol. 18, 1950, pp. 193-205. 
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At the conclusion of the Symposium it was voted that the officers of the 
participating societies be requested to appoint a joint committee to study the 
need for better mathematical training of social scientists and the ways and means 
of improving their mathematical preparation. 

In accordance with this resolution a Committee on the Mathematical Train- 
ing of Social Scientists has been established under the chairmanship of Professor 
W. G. Madow of the University of Illinois. Twelve organizations interested in 
the problem are represented on the committee. The representatives of the 
Mathematical Association of America are Professors F. L. Griffin and E. P. 
Northrop. Members interested in the work of this committee are urged to com- 
municate with our representatives on the committee. 


MATHEMATICAL COLLOQUIUM AT THE UNIVERSITY OF ST. ANDREWS 


A Mathematical Colloquium under the auspices of the Edinburgh Mathe- 
matical Society will be held at the University of St. Andrews on July 18-28, 
1951. The Colloquium will consist of three or four short courses of lectures on 
topics of general interest, supplemented by several individual lectures on more 
specialized subjects. Professor H. S. M. Coxeter of the University of Toronto 
and Professor J. L. Synge of Dublin Institute for Advanced Studies will give 
courses. Other courses are being arranged. As accommodation in the University 
residence halls may be limited, application for membership should be made as 
soon as possible to the Colloquium Secretary, Dr. D. E. Rutherford, United 
College, St. Andrews, Scotland. Further information can be obtained from the 
Secretary. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 
APRIL MEETING OF THE SOUTHEASTERN SECTION 


The annual meeting of the Southeastern Section of the Mathematical As- 
sociation of America was held at the University of Florida, Gainesville, Florida, 
on Friday and Saturday, April 7-8, 1950. Professor F. A. Lewis, Chairman of the 
Section, presided at the Friday afternoon and Saturday morning meetings of the 
subsections, which were presided over by Professors C. G. Phipps, George 
Sauté, R. J. Levit, T. M. Simpson, F. W. Kokomoor, C. L. Seebeck, Jr., L. A. 
Dye, and W. A. Gager. Professor C. G. Phipps presided on Friday evening at 
the dinner. 

There were about two hundred and fifty present, including the following one 
hundred and eleven members of the Association: W. H. Badgley, Jr., W. S. 
Beckwith, R. G. Blake, F. C. Bolser, Floyd Bowling, A. T. Brauer, N. R. 
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Bryan, R. K. Butz, T. C. Carson, J. D. Charron, C. E. Clark, M. J. Cleveland, 
Reginal Cobb, A. C. Cohen, Jr., J. B. Coleman, R. W. Cowan, R. R. Croxton, 
J. C. Currie, R. D. Depew, N. E. Dodson, R. D. Doner, L. A. Dye, J. C. Eaves, 
G. B. Findley, R. B. Folsom, Tomlinson Fort, W. A. Gager, D. B. Goodner, 
S. T. Gormsen, E. H. Hadlock, B. F. Hadnot, G. B. Huff, W. R. Hutcherson, 
Rosa L. Jackson, A. J. Killebrew, C. E. Kirkwood, Jr., F. W. Kokomoor, J. W. 
LaGrone, G. B. Lang, J. W. Lasley, Jr., R. J. Levit, F. A. Lewis, M. E. McCarty, 
W. G. McGavock, S. W. McInnis, J. D. Mancil, Nathaniel Macon, C. F. Mar- 
tin, J. E. Martin, R. H. Mason, W. N. Mebane, Jr., H. A. Meyer, Herman 
Meyer, E. P. Miles, Jr., W. L. Miser, J. A. Morales, J. C. Morelock, H. W. 
Morrow, Jr., K. W. Morrow, W. B. Moye, T. F. Mulcrone, T. A. Newton, A. J. 
Owens, W. V. Parker, P. B. Patterson, W. D. Peeples, Jr., Lillian G. Perkins, 
P. B. Peyton, Jr., C. G. Phipps, Z. M. Pirenian, P. A. Piza, M. D. Prince, F. M. 
Rankin, Ellen F. Rasor, B. P. Reinsch, G. E. Reves, T. L. Reynolds, M. C. 
Rhodes, J. M. Robertson, A. J. Robinson, H. A. Robinson, L. V. Robinson, 
George Sauté, P. C. Scott, C. L. Seebeck, Jr., E. B. Shanks, D. C. Sheldon, 
T. M. Simpson, C. B. Smith, W. R. Smythe, Jr., W. S. Snyder, W. H. Spragens, 
Jr., F. W. Stallard, E. L. Stanley, P. M. Swingle, J. M. Thomas, S. L. Thomp- 
son, H. S. Thurston, E. A. Voorhees, Jr., B. T. Wade, T. L. Wade, Jr., D. T. 
Walker, F. A. Wallace, Betty R. Weber, W. W. Weber, Ernest Williams, W. H. 
Wilson, Herbert Wolf, G. N. Wollan, J. W. Young, R. W. Young. 

At the business session the following officers were elected: Chairman, C. G. 
Phipps, University of Florida; Vice-Chairman, B. G. Clark, Vanderbilt Uni- 
versity; Secretary-Treasurer, H. A. Robinson, Agnes Scott College. The Section 
voted to hold its next meeting on March 16-17, 1951, at Vanderbilt University 
and George Peabody College. 

The program consisted of the following papers: 

1. A note on problem number 4288 in the American Mathematical Monthly, 
January 1950, by Professor C. G. Phipps, University of Florida. 

This problem was proposed in the March 1948 issue of this MONTHLY. Two purported solu- 
tions were published in the January 1950 issue. These solutions appear to contain several misinter- 


pretations. The present note explained the derivation of the probabilities of the events to which 
the probability 13/41 applies. The analysis was based on a corrected diagram. 


2. Partial fractions, by Professor J. M. Thomas, Duke University. 


It was shown that synthetic division can be used to develop the theory completely and to 
calculate the coefficients systematically. 


3. Simultaneous linear equations, by Professor L. A. Dye, The Citadel. 


This paper presents an orderly, economical method of solving any system of simultaneous 
linear equations possessing a solution. A check on the computations is provided at each step and 
inconsistent equations are easily recognized as such. 


4. A criterion for a common root of k algebraic equations, by Professor A. T. 
Brauer, University of North Carolina. 


This paper has appeared in this MonTHLy for May, 1950. 


4 
‘ 
| 


702 THE MATHEMATICAL ASSOCIATION OF AMERICA [December, 


5. Graph paper as a teaching aid, by Professor Floyd Bowling, Lincoln 
Memorial University. 


The author demonstrated two types of graph paper which he designed, one for trigonometric 
curves, and the other for three dimensions. The latter is useful in solid geometry, solid analytics 
and some phases of engineering drawing. 


6. The linear congruence group modulo n, by Professor F. A. Lewis, Uni- 
versity of Alabama. 


The speaker discussed the results of a study of GLH(m, n), the group of linear homogeneous 
transformations on m variables whose coefficients range over the integers 0, 1, - ++, #—1 in such 
a way that the determinant of each transformation is relatively prime to n. Properties of GLH(m, n) 
on a by the general linear homogeneous group on m variables with coefficients in the 
GF\p"}. 


7. The brachistochrone problem, by W. R. Smythe, Jr., Rollins College. 


In the first part of this paper, the path of minimum time of descent between two fixed points 
was discussed. In the second part, the path from a point to a curve, including Barnett’s construc- 
tion for the focal point, was given. 


8. Mathematics in art and nature, by Sarah I. Hancock, Agnes Scott College, 
introduced by the Secretary. 


In this paper, the author discussed certain curves, numbers, and geometric forms which appear 
in art and nature. 


9. Notes on certain unsolved problems, by E. A. Voorhees, Jr., Vanderbilt 
University. 


In this paper the explanation, progress, and by-products of the investigation of certain of the 
more elementary unsolved problems, including some of the so-called ‘‘Hilbert problems,” were dis- 
cussed. 


10. A prime-representing function, by D. T. Walker, University of Georgia. 


A theorem given by W. H. Mills in June 1947 Bulletin of the American Mathematical Society 
was discussed and extended. Between the cube of an integer and that of the next higher integer 
less one there is always at least one prime. From this a bounded monotone increasing sequence of 
real numbers was constructed. 


11. Some theorems in matrix algebra, by Professor T. L. Wade, Florida State 
University. 


With the use of the delta and epsilon permutation symbols (numerical tensors) and identities 
on them, explicit proofs are given of the theorem “‘if A is a matrix with m columns and B is a 
matrix with rows, then any m-rowed determinant of the matrix C=AB is equal to the sum of 
terms, each of which is the product of an m-rowed determinant of A and an m-rowed determinant 
of B,” and related theorems. 


12. A generalization of the field of values of a matrix, by Professor J. C. Currie, 
Georgia Institute of Technology. 


For a given matrix A, and a positive definite Hermitian matrix S, the set of complex numbers 
xASz', where x ranges over the set of vectors such that x S #’=1, is called the S-field of values 
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of A. The nature of this S-field, its relation to the ordinary field of values (for S=I), and some re- 
sults of its application to the problem of limits for the characteristic roots of A were discussed. 


13. A method of construction of a properly primitive positive ternary quadratic 
form, by Professor E. H. Hadlock, University of Florida. 
The author gave an example illustrating a method of construction of a properly primitive 


positive ternary quadratic form when the invariants r and delta and the associated progression 
were known. 


14. A new interpolation formula, by Professor C. L. Seebeck, Jr., University 
of Alabama. 


The formula involves m derivatives evaluated at +1 points, and reduces to Lagrange’s 
formula when m=0. It is 


kad 


15. An algebraic geometry formula, by J.C. Morelock, University of Florida. 


The formula referred to may be used for writing the terms of any homogeneous polynomial of 
prime degree in four variables. The method permits a classification of the terms of the polynomial 
into sets where each set is invariant under the same special linear transformation. The method also 
affords a.new way to count the number of terms in the most general polynomial of prime degree. 


16. Geometric aspects of the euclidean algorithm in imaginary quadratic do- 
mains, by Professor H. S. Thurston, University of Alabama. 


Professor Thurston demonstrated with diagrams the existence or non-existence of the eu- 
clidean algorithm in quadratic domains Ra[./m], where m<0. 


17. Plane analytic geometry of the complex domain, by B. F. Hadnot, Uni- 
versity of Georgia. 


By use of a one to one correspondence between the field of complex numbers and points 
oriented by the rectangular coordinate system, Mr. Hadnot outlined a study of straight lines and 
conics with as little reference as possible to the plane analytics of the real domain. 


18. Effect of a rigid elliptic disk on the stress distribution in an orthotropic 
plate, by A. J. Owens, University of Florida. 


An analysis of the stress distribution in an orthotropic plate was made from a study of a 
stress function of two complex variables. The results were applied to a Sitka spruce plate in a state 
of plane stress. 


19. The Monte Carlo method, by Professor W. S. Snyder, University of Ten- 
nessee. 


The Monte Carlo method of solving a problem consists in devising a mathematical model in- 
volving a stochastic variable whose expected value is the answer to the problem, and in evaluating 
the expected value by sampling. In many cases the mathematical model is at once suggested by the 
problem, but the method is proving adaptable to such problems as the inversion of matrices, solu- 
tion of integral equations, evaluation of integrals, and determination of eigenvalues and eigenfunc- 
tions of certain partial differential equations. The difficulties of sampling are often less serious than 
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those encountered in attempting a solution by the customary algebraic or analytic procedures. 
Present experience seems too limited to characterize the class of problems where the method may be 
used, or to give very precise indications of its relative efficiency. 


20. A grade crossing quadratic, by Doctor J. B. Coleman, formerly with the 
South Carolina Highway Department. 

Where visibility is limited at a grade crossing the safe speed of approach will depend upon the 
distance at which visibility occurs, the time reaction of the driver, and the rate of deceleration. 


Finding the safe speed involves the solution of a quadratic whose coefficients have physical signifi- 
cance, the importance of which may not be realized by the average driver. 


21. A simple perfect point becomes a triple point, by Professor W. R. Hutcher- 
son, University of Florida. 
Curves of order 21 determined by cubic and seventh degree surfaces were studied. These 


curves were invariant under a certain transformation. A simple perfect invariant point on the 
seventh degree surface became a triple point on the cubic curve in the tangent plane. 


22. Applications of summation by parts in the theory of summability of infi- 
nite sertes, by Professor Tomlinson Fort, University of Georgia. 


In this paper the author established certain tests for the summability of series by a triangular 
matrix analogous to well-known tests for convergence. 


23. Some remarks on the Monte Carlo method, by Professor A. C. Cohen, Jr., 
University of Georgia. 


A discussion of the statistical approach in the numerical evaluation of n-fold integrals was 
given. When 1 is large, for example when »=10, ordinary methods of numerical integration re- 
quire an abnormal length of time to complete even when modern high-speed electronic computing 
machines are employed. By use of the Monte Carlo method, such computations can be quickly com- 
pleted with sufficient accuracy for most practical purposes. 


24. Some plane curves drawn by a method suggested by a common construction 
of an ellipse, by Professor W. L. Miser, Vanderbilt University. 

The common method of constructing an ellipse from two concentric circles and the line 
y=mx suggested the problem of constructing a curve which comes from replacing the two circles 
by two general conics. An equation of degree eight in x and y is found. Some simple examples are 
given, among them being the witch, the pseudo-witch, the serpentine, and other simple curves. 


25. Continuity concepts in college algebra, by Professor J. D. Mancill, Uni- 
versity of Alabama. 


The need for the treatment of the concept of continuity of the real number system in college 
algebra is stressed, particularly as a prerequisite for calculus. Methods and means of presenting 
concepts of continuity in college algebra are demonstrated. 


26. On the diophantine problems that arise in teaching, by Professor G. B. 
Huff, University of Georgia. 


Most teachers of elementary mathematics are familiar with the fact that diophantine prob- 
lems occur in constructing “nice”’ numerical problems. It was shown that for many of these prob- 
lems, satisfactory solutions may be obtained by reducing the problem to one that can be solved by 
factoring a determinate integer. 
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27. Electronic differentiating and integrating circuits and their use as teaching 
aids, by M. D. Prince, Georgia Institute of Technology. 

This speaker described the operation and use of an electronic device which performs differenti- 
ation and integration of periodic functions. The technique employed permits direct observation of 


the input and output functions by means of a standard cathode-ray oscilloscope which traces out 
the curves on its screen. 


28. Newton and his Principia Mathematica, by Professor W. A. Gager, Uni- 
versity of Florida. 

In this descriptive paper attention was called to certain highlights in the Principia such as in 
Book I, laws of motion and fluxion; in II, motion of bodies in resisting media; and in III, Newton’s 
“system of the world.” Behind a great book there must exist a great personality. Many interesting 
phases of Newton’s life were discussed. 

29. The use of group diagrams in the theory of finite groups, by W. D. Peeples, 
Jr., University of Georgia. 

The author considered the construction of group diagrams when the generators and defining 
relations are known, and he illustrated same by solving a particular problem. 

30. A study of a certain transformation in the complex plane, by Polly A. 
Harris, Agnes Scott College, introduced by the Secretary. 

This paper consisted of a study of the properties of the function w=2/(z*—1) when the func- 
tion is considered as a transformation between the z and w planes. 

31. Kummer’s test for convergence obtained by the Abel-Dini theorem, by T. A. 
Newton, University of Georgia. 

The Abel-Dini theorem and the Pringsheim modification were used to obtain a generalization 


of the comparison test of the second kind for infinite series. The result was Kummer’s test for con- 
vergence. 


32. The evaluation of certain definite integrals and some applications to heat 
flow, by M. D. Findley, University of Florida, introduced by the Secretary. 
By contour integration in the complex plane, integrals of the type 


f sinh ax cos bx(sinh mx cosh nx)~'dx 


were evaluated. An application of the integral was given where the temperature distribution along 
one edge of an infinite strip was represented by B sech kx and the other edge was kept at zero. 

33. A.proof of a theorem from Bromwich’s ‘Infinite Series,” by G. N. Wollan, 
North Georgia College. 


A theorem stating a necessary and sufficient condition under which alternating series of a 
certain type can be multiplied by the Cauchy rule was proved directly from the definition of con- 
vergence. 

34. Iterated sums of powers of the binomial coefficients, by Professor E. B. 
Shanks, Vanderbilt University. 


For arbitrary positive integers 7, k, n, p, (¢Sm), let 


t 
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= ij, p—1) where 0) = ("). 


j=l 
It is shown that 
k 
= A 
where A;=1 and for j=1, 2, +++, ik—i+1. The A; are positive integers independent 


of m and p, whose values are given by a determinant of order j. This result is a two parameter 
generalization of Bernoulli’s ‘Summa Potestatum.” 


35. A mechanical system related to a continued fraction, by Leo Moser, Uni- 
versity of North Carolina, by title. 
The oscillations of a certain mechanical system were shown to have a close connection with 


the continued fraction expansion of a certain quadratic surd. The possibility of obtaining a me- 
chanical system similar in structure to a given continued fraction was discussed. 


36. On series of Walsh functions, by Professor W. H. Spragens, Jr., Florida 
State University. 
Professor Spragens extended a result of Walsh on series of certain eigenfunctions which he 


proved to be equiconvergent with Fourier sine series for functions in L?. It was shown that this 
result may be extended to functions in L. Extensions to double series were indicated. 


37. A generalization of the remainder theorem, by Professor R. J. Levit, Uni- 
versity of Georgia. 
The familiar theorem, ‘If a polynomial p(x) irreducible over a field K has a root in common 


with a polynomial f(x) over K, then p(x) divides f(x),” is a generalization of the factor theorem. 
In this paper a corresponding generalization of the remainder theorem was discussed. 


38. Powers of triangular numbers, by Mr. P. A. Piza, San Juan, Puerto Rico. 


This paper, privately printed in English, will appear in French in Mathesis. The author pre- 
sented many interesting properties of the powers of triangular numbers, Fermat coefficients, and 
tetrahedral numbers. 


39. A new generalization of Legendre’s differential equation, by Professor R. 
W. Cowan, University of Florida. 

The differential equation is taken in a form containing two parameters, and is solved by the 
method of Frobenius. For certain particular values of the parameters the general solution reduces 


to polynomials. It is shown that the polynomials are orthogonal over the interval (—1, 1) with 
respect to a certain weight function. 


40. A further generalization of the Letbnitz theorem, by Professor L. V. Robin- 
son, University of South Carolina. 
When D in F(D) of the Leibnitz theorem is replaced by X defined as the sum of terms g:D,, 


where g; is a function of m independent variables x;, and D, is the partial differential operator of xz, 
it is shown that a more general theorem is thus obtained. 


41. Calculus concepts in connection with the quadratic function, by Professor 
N. R. Bryan, Clemson College. 


Professor Bryan suggested how continuity may be maintained in the teaching of quadratic 
functions in algebra and in calculus. 
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42. Extended integration by parts, by B. F. Hadnot, University of Georgia. 
By repeated integration by parts, Taylor’s formula and certain indefinite integrals of a given 


type of determinant were obtained. 


43. On Aktlov’s Theorem, by Professor D. B. Goodner, Florida State Uni- 


versity. 


Akilov (Doklady Akad. Nauk SSSR (N.S.) 57(1947), 643-46) proved the theorem by using 
Kantorovich’s extension theorem. This speaker presented a direct proof of Akilov’s theorem and 
certain ramifications of the theorem. Certain spaces having property P were characterized. 


44, Discussion of classroom notes and junior college mathematics. 
This discussion was led by Professor W. A. Gager, University of Florida. 


H. A. Rosrnson, Secretary 


CALENDAR OF FUTURE MEETINGS 
Thirty-fourth Annual Meeting, University of Florida, Gainesville, De- 


cember 30, 1950. 


Joint Meeting with American Society for Engineering Education, Michigan 
State College, East Lansing, June 25-26, 1951. 
Thirty-second Summer Meeting, University of Minnesota, Minneapolis, 


September 3-4, 1951. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHANY MounrtaIn, Duquesne University, 
Pittsburgh, Pennsylvania, May, 1951. 
ILLinors, University of Illinois, Urbana, May 
11-12, 1951. 

INDIANA, May 5, 1951. 

Iowa, Wartburg College, Waverly, April 20-21, 
1951. 

KANSAS 

Kentucky, Eastern Kentucky State College, 
Richmond, April 28, 1951. 

LoutstaNna-MississiPrI, Mississippi State Col- 
lege, State College, February 16-17, 1951. 

MARYLAND-DIstRICT OF COLUMBIA-VIRGINIA, 
Catholic University, Washington, D. C., 
December 9, 1950. 

METROPOLITAN NEw York, Spring, 1951. 

MIcHIGAN, Michigan State College, East Lan- 
sing, March 24, 1951. 

MinNEsoTA, College of St. Benedict, St. 
Joseph, April 28, 1951. 

Missourt, Central College, Fayette, Spring, 
1951. 

NEBRASKA, University of Nebraska, Lincoln, 
May 5, 1951. 


NORTHERN CALIFORNIA, University of San 
Francisco, January 27, 1951. 

Outro, Columbus, April 21, 1951. 

OKLAHOMA 

Paciric NorTHWEsT, State College of Wash- 
ington, Pullman, June 15, 1951. 

PHILADELPHIA 

Rocky Mountain, Colorado State College of 
Education, Greeley, April, 1951. 

SOUTHEASTERN, Vanderbilt University and 
Peabody College, Nashville, Tennessee, 
March 16-17, 1951. 
SOUTHERN CALIFORNIA, Whittier 
Whittier, March 10, 1951. 
SOUTHWESTERN, University of New Mexico, 
Albuquerque, Spring, 1951. 

Texas, Southern Methodist University, Dallas, 
Spring, 1951. 

Upper NEw York SratTeE, Hamilton College, 
Clinton, May 5, 1951. 

Wisconsin, Carroll College, Waukesha, May, 
1951. 


College, 
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GENERAL MATHEMATICAL PAPERS 
ALGEBRA, NUMBER THEORY 


Bororsky, SAMUEL. Factorization of polyno- 
mials, 317-320. 

Dicxrnson, Davin. On sums involving bino- 
mial coefficients, 82-86. 

FRANKEL, E. T. A calculus of figurate numbers 
and finite differences, 14— 4-28. 

HousEHOLDER, A. S. Some numerical methods 
for solving systems of linear equations, 
53-459 


MacDurrFee, C. C. Some applications of ma- 


trices in the theory of equations, 154-161. 
Mirsky, L. A theorem on sets of coprime inte- 
gers, 8-14. 
Rosser, J. B. Generalized ternary continued 
fractions, 
SHANNON, C. A symmetrical notation for 
numbers, 50-58. 
Trypanis, A. A. An extension of Fermat's theo- 
rem, 87-89. 


ANALYSIS 


pene! E. F. A class of mean value func- 

CoE, C. J. The generalized Leibniz formula, 
459-466. 


HAMILTON, H. J oe of variation on New- 
ton’s 51 

Hirscaman, I. I. and WIvpER, D. V. A minia- 
ture theory in illustration of the convolu- 
tion transform, 667-674. 


Ops, C. D. The best approxima- 
tion of functions, 617-621 

SCHATTEN, ROBERT. “Closing-up? of sequence 
spaces, 603-616. 

SCHOENBERG, I. J. The finite Fourier series and 
elementary geometry, 3 

TORNHEIM, LEONARD, A double series summed 
geometrically, 535-538. 

WIpper, D. V. Hirscuman, I. I. 


APPLIED MATHEMATICS 


Branp, Louis. The vector potential of a sole- 
noidal 161-167. 
Carver, W. B. The problem of eight points, 


307-316. 
RosBertson, H. P. The geometries of the ther- 
mal and gravitational fields, 232-245. 


EDUCATION, HISTORY, PHILOSOPHY 


ARCHIBALD, R. C. The first translation of Eu- 
clid’s elements into English and its source, 
443-452. 

The pupil’s advocate, 369- 


BoursBak1, NicHovas. Thearchitecture of math- 
ematics, 221-232. 

Boyer, C. B. James Hume and exponents, 7-8. 

_——— and the Pascal triangle, 387- 


Bus, L. E. The William Lowell Putnam math- 
ematical competition, 467-470. 

Coo.tpcE, J. L. The number e, 591-602. 

Kame. H. T. Education vs. legislation, 523- 


Now ay, F. S. Objectives in the teaching of col- . 


lege mathematics, 73-82. 
The future of mathematics, 295- 


GEOMETRY 


eee anne R. On pairs of triangles, 150- 


LEVENBERG, KENNETH. A class of non-Desar- 


guesian plane geometries, 381-387. 
THEBAULT, Victor. A curve associated with a 
tetrahedron, 663-667. 


MATHEMATICAL NOTES 


Edited by E. F. BEcCKENBACH, University of California 
and Institute for Numerical Analysis 


AIGNER, ALEXANDER. A generalization of Gauss’ 
lemma, 408-410. 


ALBERTI, Furto. Maxima and minima of areas, 
173-176. 
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BARNETT, JOSEPH. Euclidean analogue 
of a theorem of Galileo, 6 

BaTeMAN, P. T. A remark on infinite groups, 
623-624. 


Bororsky, SAMUEL. Solvability of quartics by 
means of square roots, 248-250. 

BRAUER, ALFRED. A criterion for a common root 
of k algebraic equations, 322-324. 

mone S. Angles with rational tangents, 407- 


Cm, L. M. Envelopes of plane curves, 168- 


Court, N.A.A special tetrahedron, 176-177. 

DROUSSENT, LuciEN. On the orthocentroidal 
circle, 169-171. 

Erpés, P. On almost primes, 404-407. 

Foster, A. L. Some elementary identities of or- 
dered abelian sets, 681-683. 

GAMMEL, J. L. A differentiation formula, 96-99. 

On a problem of Erdés, 326- 

Gustin, W. Asymptotic behavior of mean value 
functions, 541-544. 

HALPERIN, ISRAEL. Discontinuous functions 
with the Darboux property, 539-540. 
Hope, P. G., Jk. On the method of character- 

istics, 621-623. 

KELLY, P. J. A property of Minkowskian cir- 
cles, 677-678. 

KLEE, V. L., Jk. Decomposition of an infinite- 
dimensional linear system into ubiquitous 
convex sets, 540-541. 

Josern. Note on the Laurent series, 
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LENG, Note on Cauchy’s limit. the- 
orem, 28-31. 

Lewis, F. A. On a determinant of Sylvester, 
324-326. 

MILLAR, J. G. Hyperbolic function series arising 
from a simple potential problem, 100-104. 

NIVEN, IvAN. Extension of a topological proof 
of the fundamental theorem of algebra, 
246-248. 

Pérya, G. On the harmonic mean of two num- 
bers, 26-28. 

Porter, 'H. S. A. On the latent roots of quasi- 
commutative matrices, 321-322. 

ScHniaD, H. On analytic maps of circles into 
convex regions, 473-474. 

SEUGLING, W. . Equations of compatibility for 
finite def ormation of a continuous medium, 


SzEG6, GaBor. Conformal mapping of the inte- 
rior of an ellipse onto a circle, 474-479. 
Leman ye A. E. A note on an inequality for inte- 
grals, 9 

THEBAULT, vce. A note on orthopolar tri- 
angles, 171-173. 

TuieLman, H. P. Ona pair of functional equa- 
tions, 544-547. 

Utz, on Martin's Ergodic Function, 


Wana, Hao. A proof of independence, 99-100. 

WarscHawskI, W. E. On the Green function of 
a star-shaped three dimensional region, 
471-473. 

Youn, F. H. A note on summation, 625. 


CLASSROOM NOTES 


Edited by C. B. ALLENDOERFER, Haverford College and Institute for 
Advanced Study 


ALBERT, R. .G. A paradox relating to mathemat- 
ical ind uction, 31-32. 

BALLANTINE, J. P. "Synthetic technique for par- 
tial fractions, 480-481. 

. Cur, where the n things include identi- 
ties, 626-629. 

Beaumont, R. A. Equivalent properties of a 
ring, 

BuscuMan, W. O. Mathematics for business 
students, 552-556. 

—* A. Mathematics “au naturel,” 684- 


DowninG, H. H. From spherical trigonometry 
to plane trigonometry, 251-254. 

Eacte, E. L. The general sine and cosine curves, 
685-686. 

FICKEN, F. A. Finding the particular integral in 
a special case, 257-259. 

GOoHEEN, H. E. On space frames and plane trus- 
ses, 481-482, 

GonzALEz, M. O. and MANcILL, J. D. the 
system of natural numbers, 104-112 

— D. B. A note on least squares, 629- 


LANGE, Luise. More stress on general formula- 
tions in calculus problems, 181-183. 

LEE, H. L. A different approach to a known in- 
‘tegral, 413-415. 

MANCILL, J. D. See GonzALEz, M. O. 

MILLER, F. H. Artificial mathematics, 329-330. 

Mortey, R. K. The remainder in computing by 
series, 550-551. 

NicHoxas, C. P. and Yates, R. C. The proba- 
bility’ integral, 412-413. 

C. S. The binomial coefficients, 551- 

Rosser, J. B. Problems on natural numbers, 
333-334. 


RupIncer, G. A theorem on the remainder of a 
Taylor series, 411-412. 

Scort, Carot S. On the equation of a line, 415. 

SEEBECK, C. L., Jr. A note on Taylor's theo- 


rem, 32-34 
SIsTER Mary LEONARDA. Seminar 

mathematics at zeae College, 
SPIEGEL, M. R. Partial 

linear or 
STELson, H. 
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54-256. 
ractions with repeated 
uadratic factors, 180-181. 

. Note on an extension of the 
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method of undetermined coefficients in 
solving a linear differential equation, 547- 


549, 
Sypnor, T. E. On integration by parts, 479. 
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Us ER, H.S. A collossal primitive Pythagorean 
triangle, 331-332. 
Yates, R. C. See NIcHOLAs, CoP. 


PROBLEMS AND SOLUTIONS 


Edited by Howarp Eves, Oregon State College, and 
E. P. StarKE, Rutgers University 


CORRECTIONS 


Numbers in boldface type refer to problems, those in lightface to pages. 
E-849, 35; E-884, 484; 4224, 6; 4370, 420; 4400, 420. 


AUTHORS 


Numbers refer to pages, boldface type indicating a problem solved and solution published; 
italics, a problem solved but the solution not published; ordinary ag a problem proposed. 


Ablow, C. M., 117. 

Aissen, Michael, 47. 

Aitken, A. C., 569, 692. 

Andree, R 
186, 339, 488, 561, 691 

Anning, Norman, 559. 

Anselone, Philip, 40, 116. 

Arzt, Sholom, 339. 

Aude, H. T. R., 335. 

Bagemihl, F., 339, 633. 

Baird, Paul, 56/. 

Ballantine, 

Barbour, al ig 190, 193, 569. 

Barlaz, Joshua, 192, 347, 348. 

Bateman, Paui T., i88, 265. 

Beberman, 186, 261. 

Benson, 190. 

Berg, W.D , 38, 40, 116, 186. 

Berkofsky, Louis, 40, 186. 

Berman, Martin, 691 

Block, Daniel, 186, 346. 

Boas, R. P., 691. 

Boggs, A. a. 40, 116. 

Boldyreff, A. 346, 488. 

Booth, Leslie, 186, 261, 

Bott, R. , 348. 

Bouvaist, Robert, 267, 566. 

Bradley, A. D., 69/. 

Brady, W. es 38, 558, 563. 

Braun, J. H., 483, 559 

Brenner, i. 488. 

Breusch, Robert H., 271, 346. 

Brock, Paul, 41, 47. 

Brooke, W. 486. 

Brown, B. H., 

Browne, D. H., 36, 38, 40, 118, 186, 186, 261, 
342, 348, 488. 558, 559, 568, 634, 687. 

Buchman, Aaron, 186, '261, 261, 262, 417. 

Buck, R. 121, 123, 416, 424, 494 


Buker, V W.E., 184, 186, 261, 336, 417, 559, 560, 


Bullard, 
Burton, 


121. 
39, 260. 


. V. (alone or with a class), 47, 113, 


Buschman, R. G., 116. 

Butchart, j. 86, 187, 260, 261, 421. 
Byrne, W. 

Cahill, W. 261; 

Campbell, J. W., 43. 

Carlson, Joseph, 418. 

Carnahan, Paul, 38, 40. 

Carpenter, F. M., 418. 

Caskey, R. L., 634. 

Chessin, P. L. "186° 563. 


Gin, 421. 

40. 
Court, N. A. ” 35, ~~ 490, 560. 
Cowell, W.R 569 
Crane, R. Bes 688. 
Curtiss, H., 192, 271. 

114, 4 


Dernham, Ones 417, 634. 
Diehm, I. C., 348. 

Dillon, G. M., 691. 

Douglas, William, 417, 559. 

Dressler, B. B., 

Droussent, Lucien, 343, 635. 

Duarte, J., 34. 

Dubisch, Roy, 121. 

Dunn, Maurice, = 

Dutka, Jacques, 63 

Dybvilc, Ragnar, 38, 191, 338, 417, 563, 688, 


Dyson, F. J., 188. 

Eddy, R. 559, 

Edwards, R. E., 186. 

Eisemann, Kurt, 563, 689. 

Ellis, David, 

Epstein, A. L., 341, 418. 

Erdés, Paul, ibs” 264, 265, 271, 272, 341, 346, 
489, 556, 567, 635. 

Ericksen, 417. 
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Fan, 
Feeney, W 86. 
Feidner, J. 633. 


Ferguson, W. 'A., 634, 
Fine, N. J., 41, 341, 343, 347, 348, 349, 421, 638. 
Finkel, Daniel, 634. 
Flanders, Harley, 494. 
Flemming, Walter, 40, 688. 
Frame, J. 12 569. 
Freund, J. E 
Fuchs, W. H. 
Fulks, Watson, 347, 418. 
Fuller, A. W., 341. 
Furman, Albert, 418. 
Gaddum, J. W., 121. 
Gale, David, 342. 
Garrison, N., 43. 
Gilman, R., 338. 
Gold, B. K., 417. 
Goldberg, Michael, 416. 
Golomb, Michael, 340. 
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Grogan, F. D., 488. 
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Grosswald, Emil, "691. 
Gunderson, N. 116, 338, 341. 
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Hall, 
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Huff, G. B., 259, 634. 
Humphrey, K., 559, 
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Kingston, J. M., 186. 
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Klamkin, M. S., 38, 39, 117, 118, 186, 186, 192, 
261, 263, 417, 419, 559, 560, 561, 563, 569. 

Kneser, Martin, 267, 269. 

Koch, R. Bes 184, 688. 

Kocher, Frank a 186, 417. 

Kravitz, Sam, 36, "186, 186, 261, 634. 

Kravitz, Sidney, 186, 339, 417. 

LaBorde, H. T., 488. 

Lase, N. D, ., 36, 37, 39, 40, 114, 116, 118, 263, 
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Lee, H. E., 488. 

Lee, H. L., 186, 483. 
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559, 560, 561, 562, 563, 564, 569, 634, 636, 
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Livers, J. J.,4 

‘A. 40. 
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Marsh, D. C. B 
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REVIEWS 
Names of authors are in ordinary type, those of reviewers in capitals. 


Aeronautical Engineering and Applied Mechan- 
ics Department of the Polytechnic Insti- 
tute of Brooklyn. Reissner Anniversary 
Volume: Contributions to Applied Mechan- 
ics. W. PRAGER, 571-572. 

Albert, Adrian. Solid Analytic Geometry. C. E. 
SPRINGER, 496-497. 

Arley, N. On the Theory of Stochastic Processes 
and Their A pplication to the Theory of Cos- 
mic Radiation. J. L. Doos, 497-498. 

Bartoo, G. C. See Taylor, E. H. 

Behnke, H. and Sommer, F. Klassische Funk- 
tionentheorie. Teil II. R. S. Puriirps, 429. 

Blanche, E. E. You Can't Win. E. M. BEEs- 
LEY, 570. 

Boole, George. The Mathematical Analysis of 
Logic. (Reprint) J. C. C. McKinsey, 351. 

Borgman, W. M. See Nelson, A. L. 

Browne, E. T. See Cameron, E. A. 

Cameron, E. A. and Browne, E. T. College Al- 
gebra. R. A. BEAUMONT, 50. 

Churchill, R. V. Introduction to Complex Varia- 
Applications. R. E. GASKELL, 126- 


Churchman, C. W. Theory of Experimental In- 
ference. V. G. HtnsHaw, 49-50. 

Clark, J. R. See Smith, R. R. 

Dadourian, H. M. Introduction to Analytic Ge- 
ometry and The Calculus. B. C. PATTER- 
son, 354-355. 


Dailey, C. L. and Wood, F. C. Computation 
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M. V. Morkovin, 195. 

Dark, H. J. The Life and Works of Herbert Ells- 
worth Slaught. L. M. GRAVES, 427. 

Daus, P. H. and Whyburn, W. M. First Year 
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David, F. N. Probability Theory for Statistical 
Methods. J. 570-571. 

Eddington, A. S. Fundamental Science. M. Wy- 
MAN, 273-274. 

Eisenhart, Churchill, Hastay, M. W., and Wal- 
lis, W. A., editors. Techniques of Statistical 
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Group, Columbia University, Applied 
Mathematics Panel, Office of Scientific 
Research and Development. E. G. OLDs, 
495-496. 

Folley, K. W. See Nelson, A. L. 

Griffith, B. A. See Synge, JE. 

Grébner, W. and Hofreiter, N. Integraltafel, 
Erster Teil: Unbestimmte Integrale. H. D. 
LARSEN, 194. 

Hastay, M. W. See Eisenhart, Churchill. 

Heffter, Lothar. Kurvenintegrale and Begrund- 
ung der Funktionentheorie. M. E. SHANKS, 
573-574. 

Hofreiter, N. See Grébner, W. 
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Kossack, 425-426. 

Nelson, A. L., Folley, K. W., and Borgman, 
W. M. Analytic Geometry. W. R. HUTCHER- 
SON, 426. 

Rainville, E. D. A Short Course in Differential 

Paut Crvin, 694. 

Relton, F Applied Differential Equations. 
MARDEN, 48-49, 

Rider, P. R. Intermediate Algebra for Colleges. 
ScHRAUT, 494-495. 

ata Robin. Analytic Geometry. S. SELBY, 


124, 
Rosser, J. B. Theory and Application of 
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peers of Computation.) F. G. DRESSEL, 
Slobin, H. L. and Wilbur, W. E. Freshman 
Mathematics. (Third Edition Revised by 
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Taylor, E. H. and Bartoo, G. C. An Introduc- 
tion to College Geometry. J. R. MussELMAN, 


von Karman, T. See von Mises, R. 

von Mises, R. and von Karman, T. Advances in 
Applied Mechanics. Vol. I. C. L. Dour, 
N. Cosurn, 274-277. 

Wade, T. L. An ne to the Algebra of 
Vectors and Matrices. R. H. Bruck, 643- 


644. 
Wallis, W. A. See Eisenhart, Churchill. 
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M. THRALL, 64 3. 
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Bucknell University, 697. 
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Central Missouri State College, 277-278. 

Chicago Teachers anne 198, 646-647. 
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College of the Holy Cross, 649-650. 

College of St. Francis, 52. 

College of St. Thomas, 500. 

College of Wooster, 577. 

~~ Illinois, Township High School, 
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Haverford College, 130, 574. 
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Hunter College, 430-431, 432. 

Immaculate Heart College, 198, 199, 576. 
Kansas (Pittsburg) State Teachers College, 502. 
Kansas State College, 280. 
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Louisiana State University, 648. 
Marquette University, 280. 

McMaster University, 647-648. 

Montana State University, 129, 198. 


Montclair Teachers $3. 

Mount Mary College, 128. 

Mount St. Scholastica College, “+ 649. 

Nebraska State Teachers College, 357. 

Oberlin College, 499. 

Oregon State College, 278. 

Purdue 128-129, 199, 

Queens College, 500 

Regis College, 279. 

Southern Illinois 54, 

Southwest Missouri State College, 280-281. 

Stanford University, 197. 

Swarthmore College, 575. 

United States Naval Academy, 432. 

University of Alabama, 432-433. 

University of British Columbia, 431. 

University of Buffalo, 356. 

University of Colorado, 52-53. 

University of Dayton, 501-502. 

University of Delaware, 650. 

University of Georgia, 355-356. 

University of Kansas, 56. 

University of Massachusetts, 53-54. 

University Miami, 357 

University of Missouri, 51-52. 

University of Nebraska, 358. 

University of New Mexico, 5S. 

University of Oklahoma, 54-55, 647. 

University of Rochester, 197-198. 

University of Toledo, 278-279. 

University of Washington, 576. 
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la College, 129-130, 281 

Workbure unicipal 499-500. 


Westminster College, 650 
Yeshiva Cottage, 56, 648-649. 
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GENERAL INFORMATION 


Actuarial Examinations, preliminary, prize 
awards, 502-503. 

American Association for the Advancement of 
Science, Annual Meeting, 651. 

American Mathematical Society Executive Di- 
rector, 57-58 

Applied Mathematics, Graduate Institute at 
Indiana University, 578-579. 

Canadian Mathematical Congress guidance 
pamphlet, Why Study Setlouatiee, 200. 

CARE, Book Program, 132-133. 

Carus Monographs, nos. 9 and 10, 141. 

Committee on the Mathematical Training of 
Social Scientists, 699-700. 

Conference of teachers of mathematics at 
Marshall College, 579. 

Conference on Electromagnetic Wave Propa- 
gation, 359 

Conference on high school mathematics at 
Millersville State Teachers College, 579. 

Conference on Statistics ." Probability, 359. 

Conference on Topology 

of Applied first national, 


Congress of Mathematicians, International, 
147-150, 433. 

Eleventh Annual William Lowell Putnam 
Mathematical Competition, 698-699. 
Geographical ag prey of the sections of the 

Association, 141-14 
Institute for Numerical Analysis, appoint- 
ments, 131-132. 
Institute for Teachers of Mathematics, 434. 
Instructorships at Harvard, Benjamin Peirce, 


Mathematical Colloquium at the University 
of St. Andrews, 700. 

Mathematics contest of the Metropolitan New 
York Section, 657. 

National Council of Teachers of Mathematics, 
433-434. 

Pi Mu Epsilon Journal, 200. 

Refereeing services, acknowledgment of, 57. 

Psychometrics, research fellowships in, 578. 

Stanford University Competitive Examination 
in Mathematics, 651-652. 

Summer Courses, 201, 282-285, 359-360. 

U. S. Naval Ordnance Test Station vacancies, 


PERSONAL INFORMATION 
Newly elected members of the Association, 64-66, 139-141, 288-290, 436-438, 507-510, 582- 
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Ablfors, L. V., 212 
na, F. J., 366. 

Arnold, H. A., 512. 

Atkins, D. F., ag 


Baskett, 
Beach, J. W., 660. 
Beatley, Ralph, 210. 
Berman, Herman, 71. 
Bernhart, Arthur, 364 
Betz, Herman, 513. 
Bing, R. H., 143, 586. 
Blumenthal, L. M., 67. 
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Brauer, A. T., 701. 
Brauer, 298. 


Brown, M. C., q 
Bryan, N. R., 
Bush, L. E., 219, 
Bussey, W. H., 218. 
Butchart, J. H., 661. 
Byrne, Lee, 660. 
Cairns, S. S., 513. 
amp, C. C., 216. 
Carter, H. N., 364. 
Cartwright, Mary L., 292, 293. 


» 71, 
Clarke, F. Marion, 216, 216. 


Clippinger, R. F., 439. 
Cohen, Jr, 704. 


Court, 


Courtright, 589. 


Cowan, R. W., 706. 


Currie, J. C., 702 
Dancer, Wayne, 72. 


Denton, W. W., 660. 
Diamond, A. H., 364. 
Doty, L. F., 


. F., 71. 
Downing, H. H., 213. 
Dustheimer, O. L., 71. 
Dye, L. A., 701. 

Earl, J. M., 215. 
Edwards, P. > 293. 
Erdélyi, Arthur, 442. 
Fehr, H. F., 515. 
Feller, William, 211. 


68. 
lomb, Michael, 293. . 


» A. W., 658, 659. 


B., 
Gore, G. D., 
Graesser, R. F., 
Graham, Beulah, 


Gunderson, N. “6 69. 
Hadlock, E. H., 
Hadnot, B. 707. 
Hagen, John S. 
Halberg, C. J. & 441 
Halfar, Edwin, 215. 
Hamilton, O. H., 364. 
Hancock, Sarah I., 702. 


Hanna, i R., 589. 
Harris, A., 705. 
Harsh. +, 216. 

W.. 144. 


estenes. 


Hirechman, L 514. 
* 659. 


‘oward, Aughtum 659. 
Huff, G. B., 

Huffer, R. 

W. 704, 
Jamison, G. H., 67. 

ones, B. W., 5 215, 216. 


. K., 219. 
Kaplan, Sidney, 146, 586. 
Kaplan, Wilfred, 293. 
Karlis, 365. 
j.L., $11. 
Kirmser, P. G., 218. 


Comfort, E. G. H., 144. Tas, C., 7 = 
Cook, R. H., 366. Green, J. W., 441. 4 
Corliss, J. J., 144. Grimes, Ruby M., 366. ; 
owell, W. R., 589. = 
Cowling, V. F., 659. es 
Coxeter, H. S. M., 68. a) 
Bold, E. W., 513. 
Boldyreff, A. W., 661. 2 
Bowling, Floyd, 702. i 
Fort, Tomlinson, 704. 
Freund, I. E., 70. 
Fulton, C. M., 510. 
Gager, W. A., 705. Ka 2 
astellani, Maria, 67. Goetz, A., 516. S 
Charlesworth, H. W., 589. Goheen, H. E., 587. c 
Chowla, S., 212. Goldberg, Michael, 586. s 
Church, Randolph, 146. sid 
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Klee, V. L., Jr., 145, 585. 
661. 


Leavitt, W. G., “215. 
Lehman, Mrs. Margaret B., 441. 
Lenser, W. T., 216. 


MacDuffee, C. C., 210. 
Madow, W. G., 212. 
Mancill, J. D., 704. 
Marquis, R. H., 70. 


McKinsey, j.c , 364, 
Menger, Karl, 67, 143. 
Meyer, B. C., 

Mickle, E. J., 72. 


Miser, W. L., 
Moore, W. L., 659. 


Morgan, , 219. 
Moser, Leo, 706. 
unk, M. 45. 


M., 1 
Myers, W. H., 442, 511, 
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Newsom, C. V., 587. 
Newton, T. A., "705. 


Randolph, 
Rashevsky, 210. 
Reed, F. W., 71. 

Rich, Barnett, 515. 
Robinson, L. We 706. 
Robinson, W. J., 214. 
Rogers, H. P., 660. 
Rosenblatt, Murray, 588. 
oss, L. L., 71. 
Schaffner, Hans, 293, 294. 
Scherk, Peter, 365. 


Sholander, 514, 
Simmons, H. 

Sister M. Frisch, 214, 
Sister M. Helen Sullivan, 590. 
Sister Mary Petronia, 143. 
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702. 
Spragens, W. gt 706. 
Stalley, R. 661, 
Starke, E. P., sis. 
Stearn, J. Li, 145; 
Stevenson, Guy, 214. 
Thomas, J. M., 701. 
Thurston, H. S., 703. 
Trapp, L. E., 5 
Trifan, Deonisie, 662. 


Utz, W. R., 513. 
Voorhees, A., 702. 
Wade, T. L., 702. 
Walker, D. oe 702. 
Warschawski, S. E., 217. 
Webb, D. L., 660. 
Welmers, E. 69. 
Wexler, Charles, 661. 
Whiteman, A. L., 441. 
Whyburn, G. T., 212. 
Wiener, Norbert, 212. 
ilder, R. L., 441. 
Willerding, Margaret 
Wollan, G. N., 
Woodley, W. 
Yates, R. C., 587. 
Zoring, W. M., 659. 
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Ackoff, R. L., 286. 
Adams, E. P., 59. 

Adel, Arthur, 579. 
Adkisson, 9, 
Agmon, Shmuel, 581. 
Aissen, M. I., 203. 
Akutowicz, E. J., 285. 
Albert, A. A., i134. 
Kathryn B., 285. 
Allen, E. B., ee 68. 
Allen, E. H., 
Allendoerfer, 134, 367, 656. 
Allhands, Tyler, 204. 
Anderson, H. M., O17. 
Anderson, R. D., 653. 
Anderson, T. W., 653. 
Andrew, M. M., 287. 


Arnsten, M., 59. 


433. 
bert, 
Barnes, J. C., 5 
Barnett, “287. 
Barnett, I 


Barnett, Jose 285. 


Barrett, 


Barrick, D. L., 134. 
Barsotti, Iacopo, 434. 
Barton, David, 203. 
Basye, R. E., 

Bates, M. R., 

Baucom, advian Mt, 287. 
Beale, F. S., 


Benson, Leon, 60. 


rald, 581 
Bernard Alfred; "Brother, 514, 657. 


Berry, A. C. 
Bers, Lipman, 202. 
Bibb, S. F., 

Bickerstaff, T 


Black, H. L., 60. 
Blackwell, R. C., 

lair, R. V., 134, $02. 
Blake, R. G., 361. 


30) hr, Haraid, 654 

dyreff, 
3olser, F. C., 581. 
3olton, Grace 


212, 
3owker, J. G., 433. 
— F. E., 60. 
Boyer, L. E., 60. 


Bradley, R. A., 60. 


Brown, H. K., 505. 

3rown, Marguerite A., 654. 
Brownell, F. H., III, 4 
Bruderle, C. P., 656. 

Brudos, Henriette, 433. 


3ush, L. E., 217 
3ushey, Jewell H., 210. 
Butchart, J. H., 579, 


Butler, C. H., 433. 
Button, Elizabeth A., 202. 
Butz, , 504, 
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Slipher, Earl C., 660. 
Lamoree, M. D., 216. Norris, M. J., 219. mith, F. C., 365. 
: La Paz, Lincoln, 660. Olds, C. D., 512. 
Larsson, R. D., 588. Overstreet, Paul C., 658, 
. LaSalle, J. P., 294. Owens, A. J., 703. 
Lavengood, L. W., 363. Oxtoby, eB 368. 
Peeples, W. D., Jr., 705. 
Pettit, H. P., 143. 
Phipps, C. G., 701. 
Piza, P. A., 706. 
: Levit, R. J., 706. Pélya, George, 511. 
Lewis, F. A., 702. Prince, M. D., 705. 
f Lorch, E. R., 515. 
Le Loud, W. S., 218. 
Trigg, C. W., | 
Tucker, A. W., 510, 511. j 
Tukey, J. W., 211. | 
Tyler, John, 585. | 
artin, M. H., 
ce Martin, W. T., 210. 
Mathews, C. W., 67. 
; Matlack, D. W., 441. | 
; Schocken, Klaus, 658. 
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Seebeck, C. L., Jr., 703. 
Mill 44, Shanks, Daniel, 439. 
Shanks, E. B., 705. 
F., 588. Shenton, W. F., 145. 
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Branson, J. W., 60. 
Brauer, A. T., 58. 
Brenner, J. L., 133. 
Brewer, Jeneva J., 60. 
Brewster, B., 60. 
Brink, R. W., 361. } 
Beard, R. H., 285. Brixey, J. C., 363. 
Beberman, Max, 653. Brooks, Foster, 70. 
Beckman, F. S., 504. Brown, F. L., 134. 
F Bell, J. H., 653. 
Benard, R. R., 287. 
Benner, C. P., 203. 
Berggren, R. L., 58. 
: Buck, C. C., 134. 
Andrews, F. E., 285. Buck, R. C., 204. 
: Annear, P. R., 579. Buker, Errol, 654. 
Arndt, August, 652. Burcham, P. B., 66. 
: 03. 7. Bures, C. E., 134. 
Bigelow, i H., 504. Burkill, J. C., 201. 
ee: olan, L. A., 301. Bigsbee, E. M., 580. Burnette, H. W., 202. 
Aronszajn, Nachman, 59. Bing, R. H., 204. Burr, I. W., 202. 
Artin, Emil, 58. Birnbaum, Z. W., 580. Busemann, Herbert, 441. 
Atchison, W. F., 286. 
Aulbach, Helmut, 204. 
Ayre, H. G., 433. 
4 Bacon, H. M., 510, 653. 
‘ Baez, A. V., 59. Blakers, A. L., 60. 
: Bagley, R. W., 201. Blau, J. H., 60. 
Bailey, E. A., 579. Bleick, W. E., 580. yrd, P.F., 5 
Bailey, R. P., 585. Blyth, C. R., 654. Calvert, R. L., 286. 
Bailey, R. T., 59. Cameron, R. H., 507. 
Camp, E. J., 364. 
Campbell, H. E., 203. 
#2 Campopiano, C. N., 202. 
Canfeld, Earle, 204. 
i Carlson, Elizabeth S., 653. 
, Carroll, C. L., Jr., 202. 
Carroll, Earl, 201. 


1950] 


Carruth, P. W., 505. 
Carstoiu, Ion, 202. 
Carver, , 361. 
Cashwell, E. D., 133. 
Cato, B. R.. 
Caton, W. 504. 
Cesari, Lamberto, 505. 
Chandrasekhar, S., 201. 
Chatland, Harold, 


4, 
Chernoff, Herman, 286. 
Chessin, P. 204. 
Chevally, 133. 
Chiarulli, Peter, 434. 
Christofferson, ~ C., 134. 
Churchill, R. V., 134. 
Clark, B. B., 60. 
Clark, B. G., 701. 
Clark, C. .. 59, 285. 


Clark, R A., 652. 
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Danese, A. E., = 

Darling, D. A., 

Davenport, Harold, “361. 
Davis, Mamie 


Duncan, 
Duquette, A. 


Durfee, Walter i, 68 68, 586. 


Dustheimer, O. L., 
DuvVal, Patric, 287. 


gle, E. L., 134 
Eaton, C. B., 581 
Eaves, J. C., 


60, 
Ebbeson, Nelma Ry 134. 
Edmonson, Jr., 505. 
Edrei, Albert, 203. 
Eilenberg, Samuel, 504, 
, Margaret, 59. 


Ellis, Wade, 504. 
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Epstein, Benjamin, 201. 
Epstein, Bernard, 203. 
Erdés, Paul, 
Ericksen, J. L. 

Estermann, Theodor 652. 


Evans, W. B., 654. 
Everton, J. K., 286 

ing, G 654. 
Fadell, A 


rie William, 359, 505. 
Fenchel, Werner, 361, 435. 
Feyerherm, A. M., 285. 
Finkbeiner, D. T., 287. 
Fisch, F. N., 433. 

Fischer, C. i., 581. 

Fischer, Mrs. Lydia R., 286. 
Fish, Ruth A., 654. 

Flagg, Elinor B., 433. 

Walter, 60 


286. 
Foster, R. M;, 210, 210, 211. 
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Frame, J. re 507, 581. 
Franciol, Charles, 61. 
Francis, S. A., 510. 
Franck, Abraham, 652. 
Frank, Evelyn, 654. 
Fraser, D. A. S., 203. 
Fraser, W. C. G., 287. 
Freilich, Julius, 657. 
Friedemann, P. E., 
Friedman, Bernard, 59. 
Frink, Orrin, 285. 


Paul R., 361, 361. 
Garland, Katherine, 204. 
Garrett, J R., 65: 


3 
Goffman, Casper, 203. 
Goldberg, Michael, 144. 
Goldman, C. C., 202 


Gottlieb, M. J., 61. 
Graeber, Alice, ‘61. 
Grant, H. S., 505. 
Graves, L. M., 211, 652. 
Gray, Dean O., 203. 
Greeley, J. B., 654. 
Greenwood, R. E., 654. 
Gregory, W. H., 654. 
Griffin, Harriet, 133. 
Grogan, F. D., 654. 
Grosswald, Emil, 654. 
Gunderson, Norman, 203, 587. 
Gundlach, B. H., 204. 
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Gutzman, Raymond, 204. 

Violet G., 652. 
Hadnot, B. F., 580. 

Haefeli, Verena, 135. 
Hailperin, 367. 
Halberg, C. J. A., Jr., 504, 580. 


86. 
Hallerberg, A. E., 135. 
Halmos, P. R., 133. 
Hamilton, O. H., 59. 


Hardman, 
Hardman, W. H 


Harper, C. B., 202. 
Harrell, E. G., 143. 
Harter, H. L., 204. 
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ollege Trigonometry 


WITH LOGARITHMIC AND TRIGONOMETRIC TABLES 


A substantial treatment of plane and spherical trigonometry, of 
moderate length, incorporating distinctly collegiate viewpoints. 


COMMENCES with an introductory chapter on the trigonometric 
functions of the general angle. 


EMPHASIZES analytic trigonometry, oriented for application in later 
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Tables, revised by the addition of a six-page table of haversines and 


their logarithms. 


THE TYPE is exceptionally large and open, and the format generally 


appealing. 


Text pages: PLANE TRIGONOMETRY, 15] p. 
COMPLEX NUMBERS AND APPENDIX, 2] p. 
SPHERICAL TRIGONOMETRY, 35 p. 

TABLES, 130 p. 
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